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Abstract
We give a new description of the closed cone NM(X) ⊂ N1(X)R of mov-
ing curves of a smooth Fano three- or fourfold X by finitely many linear
equations. In particular, the cone NM(X) is polyhedral. The proof in the
threefold case relies on a famous result of Bucksom, Demailly, Paun and
Peternell which says that the cone of moving curves is dual to the cone of
pseudoeffective divisors. Additionally, the proof in the fourfold case uses a
result of Kawamata which describes the exceptional locus and the flip of a
small contraction on a smooth fourfold. This proof provides an inductive
way to compute the cone of moving curves and gives a description of the
Mori cone of the variety obtained by the the flip of a small contraction.
Kurzzusammenfassung
Wir geben eine neue Beschreibung des Kegels NM(X) ⊂ N1(X)R beweglicher
Kurven auf einer glatten Fano-Drei- oder Vierfaltigkeit X durch endlich viele
lineare Gleichungen. Insbesondere ist der Kegel NM(X) polyhedral. Der
Beweis für den Fall einer glatten Dreifaltigkeit beruht auf einem berühmten
Resultat von Bucksom, Demailly, Paun und Peternell, welches besagt, dass
der Kegel beweglicher Kurven dual zum Kegel der pseudoeffektiven Divisoren
ist. Der Beweis für den Fall glatter Fano-Vierfaltigkeiten benutzt zusätzlich
ein Resultat von Kawamata, welches den exzeptionellen Ort und den Flip
einer kleinen Kontraktion auf einer glatten Vierfaltigkeit beschreibt. Der Be-
weis bietet zudem eine Möglichkeit den Kegel beweglicher Kurven iterativ zu
berechnen und liefert eine Beschreibung des Mori Kegels einer Vierfaltigkeit,
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Eine irreduzible Kurve c auf einer projektiven Varietät X heisst bewegliche
Kurve, falls sie Mitglied einer algebraischen, überdeckenden Familie ist.
Ein intuitives Beispiel für bewegliche Kurven sind die Geraden auf einer glat-
ten Quadrik. Man sieht unendlich viele Geraden, aber nur zwei verschiedene
Abbildung 1. Zwei Familien von Geraden auf der glatten Quadrik.
Familien von Geraden auf dieser Fläche, nämlich die in Rot und die in Blau
eingefärbten Geraden in Abbildung 1.1 Es macht offenbar keinen Sinn zwis-
chen zwei Geraden der selben Familie zu unterscheiden. Dies motiviert den
folgenden Begriff.
Wir sagen, dass zwei Kurven c1 und c2 auf einer projektiven Varietät X
numerisch äquivalent sind, wenn ihre Schnittzahlen c1 ·D und c2 ·D für jeden
Cartier Divisor D auf X übereinstimmen, also c1 ·D = c2 ·D gilt.
Man sieht unmittelbar, dass je zwei Geraden derselben Familie dieselbe nu-
merische Äquivalenzklasse haben. Es gibt also insbesondere nur zwei ver-
schiedene Äquivalenzklassen von Geraden auf dieser glatten Quadrik.





aici | ai ∈ R, ci ⊂ X eine irreduzible Kurve
}
von 1-Zykeln mit reellen Koeffizienten und der Gruppe der R-Divisoren
Div(X)R definieren. Die Gruppe der 1-Zykel mit reellen Koeffizienten
1Ich danke Patrick Litherland für die Erlaubnis das Bild aus Abbildung 1 benutzen
zu dürfen, welches eine Brücke in der Corporation Street, Manchester (UK) zeigt.
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ii ZUSAMMENFASSUNG
modulo numerischer Äquivalenz und die Gruppe der R-Divisoren mod-
ulo numerischer Äquivalenz sind tatsächlich sogar endlich-dimensionale R-
Vektorräume, welche wir mit
N1(X)R := Z1(X)R/ ≡num und N1(X)R := Div(X)R/ ≡num
bezeichnen. Dies ermöglicht es uns Überlegungen auf dem Niveau der Lin-
earen Algebra anzustellen.
Der Kegel beweglicher Kurven NM(X) einer projektiven Varietät X ist
definiert als der Abschluss des konvexen Kegels in N1(X)R, welcher durch
numerische Klassen von beweglichen Kurven aufgespannt wird.
Abbildung 2. Skizze eines Kegels in N1(X)R. Eine „Ecke”
des Kegels wird extremaler Strahl genannt.
Dieser Kegel ist für uns von Interesse, weil er in Verbindung mit dem
Minimalen-Modell-Programm steht. Ein extremaler Strahl des Mori Kegels,
dessen extremale Kontraktion eine Faserung ist, wird durch die Klasse
einer rationalen beweglichen Kurve aufgespannt. Ein weiterer interessanter
Zusammenhang ist durch den folgenden Sachverhalt gegeben.
Im Jahr 2004 haben Boucksom, Demailly, Paun und Peternell gezeigt,
dass der Kegel beweglicher Kurven dual zum Kegel der pseudoeffek-
tiven Divisorenklassen ist, welche man als Grenzwert von Folgen von Q-
Divisorenklassen erhält.
Theorem.[BDPP04, Theorem 2.2 und 2.4] Sei X eine irreduzible projek-
tive Varietät der Dimension n. Dann sind die Kegel NM(X) und Eff(X)
dual zueinander und somit
NM(X) = {γ ∈ N1(X)R | γ ·∆ ≥ 0, für alle ∆ ∈ Eff(X)}.
Es ist klar, dass der Kegel beweglicher Kurven im dualen Kegel des pseudo-
effektiven Kegels enthalten ist, weil eine bewegliche Kurve jeden irreduziblen
Divisor nicht negativ schneidet. Die andere Inklusion war ein einschlagen-
des Resultat. Die Autoren konnten mit diesem Theorem eine Antwort auf
eine der wichtigsten offenen Fragen der Klassifikationstheorie von projek-
tiven bzw. kompakten Kählermannigfaltigkeiten geben. Sie haben gezeigt,
dass eine projektive Mannigfaltigkeit X von rationalen Kurven überdeckt
ist, wenn der kanonische Divisor KX nicht pseudoeffektiv ist.
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Mit Hilfe des obigen Theorems werden wir beweisen, dass der Kegel der
beweglichen Kurven einer glatten Fano-Drei- oder Vierfaltigkeit polyhedral
ist, indem wir explizit die endlich vielen linearen Gleichungen angeben, die
den Kegel ausschneiden. Dies ist das Hauptresultat dieser Arbeit.
Wir beschreiben kurz die Situation. Sei X eine glatte Fano-Varietät der Di-
mension n, so dass jede extremale Kontraktion eines extremalen Strahls von
NE(X) eine Faserung oder eine divisorielle Kontraktion ist. Der exzeptionelle
Divisor einer divisoriellen Kontraktion ist irreduzibel und wird deshalb von
jeder beweglichen Kurve nicht negativ geschnitten.
Das folgende Theorem sagt, dass der Kegel beweglicher Kurven tatsächlich
sogar genau durch diese Bedingung festgelegt ist, also durch die linearen
Gleichungen ausgeschnitten wird, welche von den exzeptionellen Divisoren
der divisoriellen Kontraktionen auf X induziert werden.
Theorem. Sei X eine Q-faktorielle Fano-n-Faltigkeit mit höchstens termi-
nalen Singularitäten, so dass jede extremale Kontraktion eines KX-negativen
extremalen Strahls eine divisorielle oder eine Faserkontraktion ist. Seien
ϕi : X → Xi, i = 1, ..., k, die divisoriellen Kontraktionen mit exzeptionellen
Divisoren Ei ⊂ X, die zu extremalen Strahlen R+[ri], i = 1, ..., k, des Mori
Kegels NE(X) von X gehören. Dann ist
NM(X) =
{
γ ∈ NE(X) | γ ·[Ei] ≥ 0, für alle i = 1, ..., k
} ⊂ N1(X)R.
Insbesondere ist NM(X) ein abgeschlossener, konvexer, polyhedraler Kegel.
Als Konsequenz erhalten wir das Resultat für glatte Fano-Dreifaltigkeiten.
Korollar. Sei X eine glatte Fano-Dreifaltigkeit und seien ϕi : X → Xi,
i = 1, ..., k, die divisoriellen Kontraktionen mit exzeptionellen Divisoren
Ei ⊂ X, die zu extremalen Strahlen R+[ri], i = 1, ..., k, des Mori Kegels
NE(X) von X gehören. Dann ist
NM(X) =
{
γ ∈ NE(X) | γ ·[Ei] ≥ 0, für alle i = 1, ..., k
} ⊂ N1(X)R.
Insbesondere ist NM(X) ein abgeschlossener, konvexer, polyhedraler Kegel.
Um obiges Theorem zu erhalten, werden wir lediglich das Dualitätsresultat
von Bucksom, Demailly, Paun und Peternell aus [BDPP04] verwenden.
Alex Küronya und Endre Szabó haben, unabhängig von dieser Arbeit, in
dem bisher unveröffentlichten Preprint [KS] bewiesen, dass der Kegel Eff(X)
der pseudoeffektiven Divisoren einer projektiven Varietät X ein endlicher
rationaler Polyeder ist, wenn X eine glatte Fano-Dreifaltigkeit ist. Also
impliziert nach [BDPP04] jeweils ein Resultat das andere.
Im Anschluss werden wir den Beweis für glatte Fano-Vierfaltigkeiten geben.
Theorem. Sei X eine glatte Fano-Vierfaltigkeit. Dann ist der Kegel NM(X)
beweglicher Kurven auf X ein konvexer, polyhedraler Kegel in N1(X)R,
gegeben durch
NM(X) = {γ ∈ N1(X)R | γ ·∆ ≥ 0 für alle ∆ ∈ Eq(X)},
wobei Eq(X) ⊂ N1(X)R eine explizit bekannte, endliche Menge von Klassen
von Divisoren auf X ist.
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Wir werden die Menge Eq(X) in Kapitel 4 detailliert konstruieren, an einem
Beispiel zeigen, dass diese Menge auch berechenbar ist und die genaue Aus-
sage detaillierter in Theorem 4.33 wiederholen.
Die Situation ist für Vierfaltigkeiten komplizierter, weil der exzeptionelle
Ort einer extremalen Kontraktion „zu klein” sein kann, oder genauer gesagt,
grössere Kodimension als eins haben kann. Der Schlüssel zum Beweis
dieses Theorems ist ein Resultat von Kawamata, welches den exzeptionellen
Ort und den Flip einer kleinen Kontraktion einer glatten Vierfaltigkeit
beschreibt. Siehe Theorem 4.14 und Korollar 4.16 in Kapitel 4.
Wir halten fest, dass das Ziel dieser Arbeit ist, den Kegel beweglicher Kurven
von einem neuen Standpunkt aus zu betrachten. Gemeint ist damit die
Beschreibung des Kegels durch lineare Gleichungen.
Der zum Kegel der pseudoeffektiven Divisorenklassen duale Kegel wurde
schon früher von Batyrev in [Bat92] untersucht. Grob gesagt, hat er den
Kegel durch extremale Strahlen beschrieben, welche man durch Rückzug
einer rationalen Kurve erhält, die in einer allgemeinen Faser eines Mori Faser-
raums liegt.
Als Konsequenz daraus erhält man, dass der Kegel beweglicher Kurven einer
Fano-Dreifaltigkeit nur endlich viele extremale Strahlen hat, die alle durch
rationale Kurven repräsentiert werden.
Der Leser, der mit der verwendeten Terminologie noch nicht vertraut ist,
sollte die genaue Aussage, welche von Araujo in [Ara05] letztlich bewiesen
wurde, eventuell überspringen. Siehe dazu [Ara05, Bemerkung 3.4].
Theorem.[Ara05, Theorem 3.3] Sei X eine Q-faktorielle Dreifaltigkeit und
∆ ein Randdivisor, so dass (X,∆) höchstens terminale Singularitäten hat.
Dann gilt:
(a) Für jedes ε > 0 und jeden amplen Divisor A auf X existieren endlich
viele Klassen von Kurven ς1, . . . , ςr ∈ N1(X)R, so dass
(1) 0 < −KX · ςi < 6 ist,
(2) es einen Mori Faserraum fi : Xi → Si gibt, welchen man durch
Anwendung des (KX +∆)-MMP erhält, so dass ςi der Rückzug der
Klasse einer rationalen Kurve ist, die in einer allgemeinen Faser
von fi liegt und
(3) NE(X)([KX ]+∆+ε[A])≥0+NM(X) = NE(X)([KX ]+∆+ε[A])≥0+
∑
R+ςi.
(b) Es existieren abzählbar viele Klassen von Kurven ςi ∈ N1(X)R, so dass
(1) 0 < −KX · ςi < 6 ist,
(2) es einen Mori Faserraum fi : Xi → Si gibt, welchen man durch
Anwendung des (KX +∆)-MMP erhält, so dass ςi der Rückzug der
Klasse einer rationalen Kurve ist, die in einer allgemeinen Faser
von fi liegt und
(3) NE(X)([KX ]+∆)≥0 +NM(X) = NE(X)([KX ]+∆)≥0 +
∑
R+ςi.
Die extremalen Strahlen R+ςi werden coextremale Strahlen genannt. 
Für Fano-Varietäten haben Birkar, Cascini, Hacon und McKernan kürzlich
eine Verallgemeinerung dieser Aussage in dem Preprint [BCHM06] be-
wiesen. Sie erhalten die analoge Aussage, dass der Kegel beweglicher Kurven
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einer glatten Fano-Varietät der Dimension n polyhedral ist und dass alle ex-
tremalen Strahlen durch den Rückzug einer rationalen Kurve repräsentiert
werden.
Korollar.[BCHM06, Korollar 1.3.4] Sei (X,∆) ein Q-faktorielles, Kawa-
mata log terminales Paar, so dass −(KX +∆) ample ist. Dann ist NM(X)
ein rationaler Polyeder. Wenn F = Fi ein extremaler Strahl des Kegels be-
weglicher Kurven ist, dann existiert ein Divisor Θ, so dass das Paar (X,Θ)
Kawamata log terminal ist und wir ein (KX +Θ)-MMP pi : X 99K Y durch-
laufen können. Dieses endet mit einem Mori Faserraum f : Y → Z, so
dass F von dem Rückzug nach X der Klasse einer beliebigen Kurve Σ ⊂ Y
aufgespannt wird, welche durch f kontrahiert wird.
Die Autoren erhalten dieses Korollar als Konsequenz ihres Haupttheorems,
welches ein sehr tiefliegendes Resultat ist.
Zusammenfassend notieren wir, dass der hier präsentierte Beweis einen de-
taillierten Einblick in die Geometrie einer Fano-Drei- oder Vierfaltigkeit gibt
und dass wir, anders als andere Autoren, eine Beschreibung des Kegels durch
lineare Gleichungen erzielen.
Danksagung
Zuerst möchte ich der DFG und der Universität zu Köln für mein Vollzeit-
Stipendium im Graduiertenkolleg „Globale Strukturen in Geometrie und
Analysis” meine Dankbarkeit aussprechen. Ich danke Stefan Kebekus,
Thomas Eckl, allen Korrekturlesern und allen Mitgliedern des Graduierten-
kollegs, vor allem Sebastian Neumann, für zahlreiche Diskussionen, all ihre
Hilfe und ihren Zuspruch. Ich möchte außerdem James McKernan, Seán
Keel, Alex Küronya, Carolina Araujo, Laurent Bonavero und besonders
Cinzia Casagrande für die Beantwortung meiner Fragen danken. Zudem
bin ich Laurent Bonavero und Andreas Höring für einige fruchtbare Diskus-
sionen, welche während der Sommerschule „Geometry of complex projective
varieties and the minimal model program” im Jahr 2007 und in einem Work-
shop im Jahr 2008 am Institut Fourier in Grenoble geführt wurden, zu Dank
verpflichtet.
Zu guter Letzt danke ich meinen Freunden, meiner Familie und vor allem
meiner Frau Susanne für ihre Geduld, ihre Unterstützung und Liebe.
Introduction
Summary
An irreducible curve c on a projective varietyX is called amovable ormoving
curve if c is a member of an algebraic family of curves which covers a dense
subset of X.
An intuitive example of a moving curve is a line on a smooth quadric surface.
Figure 32 illustrates many different lines on a smooth quadric surface, but
Figure 3. Two different rulings on the smooth quadric surface.
there are just two different families of lines, namely the red and the blue
ones. Expediently, we do not want to distinguish between two lines of the
same family. This motivates the following concept. Two curves c1 and c2 on
a projective variety X are numerically equivalent if the intersection numbers
c1 ·D and c2 ·D coincide for every Cartier divisor D on X.
We see that two lines of the same family have the same numerical equivalence
class. In particular, there are just two numerical equivalence classes of lines
in Figure 3; one is represented by a blue line, the second one by a red line.
More general, we can define numerical equivalence analogously on the free




aici | ai ∈ R, ci ⊂ X an irreducible curve
}
with real coefficients and on the group Div(X)R of R-divisors on X. In fact,
both groups modulo numerical equivalence are finite dimensional real vector
2I would like to thank Patrick Litherland for the permission to use the picture in
Figure 3, which shows a bridge in Corporation Street, Manchester (UK).
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spaces; we will denote these spaces by
N1(X)R := Z1(X)R/ ≡num and by N1(X)R := Div(X)R/ ≡num .
This enables us to put our considerations down to the level of linear algebra.
The cone of moving curves NM(X) of a projective variety X is defined as
the closure of the convex cone in N1(X)R which is spanned by numerical
equivalence classes of moving curves.
Figure 4. Sketch of a cone in N1(X)R. An “edge” of the
cone is called extremal ray.
We are interested in this cone since it is related to the minimal model pro-
gram. An extremal ray of the Mori cone which has a fibration as correspond-
ing extremal contraction is spanned by the class of a rational moving curve.
Another interesting relation is given by the following result.
In 2004 Boucksom, Demailly, Paun and Peternell showed that the cone of
moving curves is dual to the cone of pseudoeffective divisor classes which is
spanned by classes that appear as limits of sequences of effective Q-divisors.
Theorem 1.[BDPP04, Theorem 2.2 and 2.4] Let X be an irreducible pro-
jective variety of dimension n. Then the cones NM(X) and Eff(X) are dual;
in other words,
NM(X) = {γ ∈ N1(X)R | γ ·∆ ≥ 0, for all ∆ ∈ Eff(X)}.
It is clear that the moving cone is contained in the dual of the pseudoef-
fective cone since a movable curve has non-negative intersection with every
irreducible divisor. The other inclusion was an exciting result. With this
theorem, the authors were able to give an answer to one of the major open
problems in the classification theory of projective and compact Kähler mani-
folds. They proved that a projective manifoldX is covered by rational curves
if the canonical divisor KX is not pseudoeffective.
The theorem above is our key to prove that the moving cone of a smooth
Fano three- or fourfold is polyhedral: we will indicate finitely many linear
equations which cut out the cone. This will be the main result of this thesis.
Here is a sketch of the situation. Assume thatX is a smooth Fano n-fold such
that every extremal contraction of an extremal ray of NE(X) is a divisorial
or a fibre contraction. It is clear that every movable curve has non-negative
intersection with the exceptional divisor of a divisorial contraction since the
exceptional divisor is irreducible.
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The following theorem states that in this case the moving cone is completely
determined by exactly this condition; more precisely: it is cut out by the
linear equations induced by the exceptional divisors of the divisorial contrac-
tions on X.
Theorem 2. Let X be a Q-factorial Fano n-fold with only terminal singu-
larities such that every extremal contraction of a KX-negative extremal ray
is a divisorial or a fibre contraction. Let ϕi : X → Xi, i = 1, ..., k, be the
divisorial contractions with exceptional divisors Ei ⊂ X, which correspond




γ ∈ NE(X) | γ ·[Ei] ≥ 0, for all i = 1, ..., k
}
.
In particular, NM(X) is a closed, convex, polyhedral cone in N1(X)R.
An immediate consequence of this theorem is the announced result for
smooth Fano threefolds.
Corollary 3. Let X be a smooth Fano threefold and let ϕi : X → Xi,
i = 1, ..., k, be the divisorial contractions with exceptional divisors Ei ⊂ X,
which correspond to some extremal rays R+[ri], i = 1, ..., k, of the Mori cone
NE(X) of X. Then
NM(X) =
{
γ ∈ NE(X) | γ ·[Ei] ≥ 0, for all i = 1, ..., k
}
.
In particular, NM(X) is a closed, convex, polyhedral cone in N1(X)R.
To prove the above theorem, we will use nothing more than the duality result
of Bucksom, Demailly, Paun and Peternell in [BDPP04].
We have learned that Alex Küronya and Endre Szabó have independently
proved in the unpublished preprint [KS] that the cone Eff(X) of pseudoef-
fective divisors on a projective variety X is a finite rational polyhedron if
X is a smooth Fano threefold. Therefore, one result implies the other by
[BDPP04].
Then we will give the proof for the case of a smooth Fano fourfold.
Theorem 4. Let X be a smooth Fano fourfold. Then the moving cone
NM(X) of X is a convex, polyhedral cone in N1(X)R, given by
NM(X) = {γ ∈ N1(X)R | γ ·∆ ≥ 0 for all ∆ ∈ Eq(X)},
where Eq(X) ⊂ N1(X)R is a well-known, finite set of divisor classes.
We will construct the set Eq(X) explicitely in Chapter 4, we will show by
example that this set is actually computable, and we will give the precise
statement with Theorem 4.33.
The situation for fourfolds is more complicated since the exceptional set of
an extremal contraction can be small; in other words, the exceptional set
has codimension at least two. The main ingredient for the proof is a result
of Kawamata which describes the exceptional locus and the flip of a small
contraction on a smooth fourfold. See Theorem 4.14 and Corollary 4.16 in
chapter 4.
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Note that the aspiration of the thesis is to approach the moving cone from a
new point of view, meaning the description of the cone by linear equations.
The dual of the cone of pseudoeffective divisor classes has been studied earlier
by Batyrev in [Bat92]. Roughly speaking, he described the cone in terms of
extremal rays which are represented by the class of the pullback of rational
curves lying in general fibres of fibrations obtained by the minimal model
program. As a consequence, he deduced that the moving cone of a Fano
threefold has just finitely many extremal rays, which are represented by
rational curves.
The reader who is not yet familiar with the terminolgy may skip the precise
statement, which was finally proved by Araujo in the preprint [Ara05], but
see [Ara05, Remark 3.4].
Theorem 5.[Ara05, Theorem 3.3] Let X be a Q-factorial threefold and ∆
be a boundary divisor such that (X,∆) has only terminal singularities. Then
(a) for any ε > 0 and any ample divisor A on X there are finitely many
classes of curves ς1, . . . , ςr ∈ N1(X)R such that
(1) 0 < −KX · ςi < 6,
(2) there is a Mori fibre space fi : Xi → Si, which can be obtained by
running the (KX +∆)-MMP, such that ςi is the pullback class of a
rational curve lying on a general fibre of fi, and
(3) NE(X)([KX ]+∆+ε[A])≥0+NM(X) = NE(X)([KX ]+∆+ε[A])≥0+
∑
R+ςi.
(b) There are countably many classes of curves ςi ∈ N1(X)R such that
(1) 0 < −KX · ςi < 6,
(2) there is a Mori fibre space fi : Xi → Si, which can be obtained by
running the (KX +∆)-MMP, such that ςi is the pullback class of a
rational curve lying on a general fibre of fi, and
(3) NE(X)([KX ]+∆)≥0 +NM(X) = NE(X)([KX ]+∆)≥0 +
∑
R+ςi.
The extremal rays R+ςi above are called coextremal rays. 
Very recently, Birkar, Cascini, Hacon and McKernan have proved a gener-
alization for Fano varieties in the preprint [BCHM06]. They obtained the
analogous statement that the moving cone of a Fano n-fold is polyhedral,
and that the extremal rays of the cone are represented by the pullback of
rational curves via usage of the minimal model program.
Corollary 6.[BCHM06, Corollary 1.3.4] Let (X,∆) be a Q-factorial Kawa-
mata log terminal pair such that −(KX + ∆) is ample. Then NM(X) is a
rational polyhedron. If F = Fi is an extremal ray of the closed cone of moving
curves, then there exists a divisor Θ such that the pair (X,Θ) is Kawamata
log terminal and we may run a (KX + Θ)-MMP pi : X 99K Y which ends
with a Mori fibre space f : Y → Z such that F is spanned by the pullback to
X of the class of any curve Σ which is contracted by f .
The authors achieved this corollary as a consequence of their main theorem,
which is a really deep result.
Recapitulating, we can note that the proof which we will present here gives
a detailed geometric insight. Moreover, we will pursue a different approach
to the description of the cone by linear equations.
NOTATION AND CONVENTIONS xi
Outline of the thesis
In section 1.1 we will give the basic definitions and recall the introduced the-
orem of Bucksom, Demailly, Paun and Peternell. In section 1.2 we will give a
brief review of the basic version of the minimal model program. In chapter 2
we will derive some results on the moving cone of projective surfaces from
the duality statement of [BDPP04], and we will give a result on the ex-
tremal faces of the moving cone. In order to use the minimal model program
and the related morphisms, we want to take “pullbacks” and “pushforwards”
of 1-cycles on higher dimensional varieties. Therefore, these notions need
to be specified, which will be done in chapter 3. Finally, we will give some
examples of the moving cones of smooth Fano fourfolds, and we will start to
prove the main results of the thesis in chapter 4.
Notation and conventions
In this short section we will fix the basic notation which will de used through-
out the whole thesis.
• We will work with normal projective varieties defined over C.
• With N we mean the set {0, 1, 2, . . .} of non-negative integers and R+
denotes the set {r ∈ R | r ≥ 0}.
• Let R ∈ {R,R+}. If V is a R-vector space and S ⊂ V is a subset then
〈S〉R := {
∑m
i=1 ai · si | ai ∈ R, si ∈ S} denotes the closure of the set of
finite linear combinations of elements of the set S with coefficients in R.
If the set S is finite, S = {s1, . . . , sn} say, then by abuse of notation we
will just write 〈s1, . . . , sn〉R.
• Div(X) denotes the group of Cartier divisors on X.
• Div(X)R = {
∑n
i=1 aiDi | ai ∈ R, D ∈ Div(X)} denotes the set of R-
(Cartier) divisors.
• Z1(X)R denotes the free abelian group of 1-cycles on X with coefficients
in R.
• If dim(X) > 2, we will denote curves or 1-cycles on X by small Latin
letters and divisors on X by capital Latin letters.
• If two R-divisors D1 and D2 are numerically equivalent, i.e., we have
D1 · c = D2 · c for all irreducible curves c ⊂ X, then we will write
D1 ≡num D2. We will use the analogous notation for elements of Z1(X)R.
• If two R-divisors D1 and D2 are numerically proportional, i.e we have
D1 ≡num λD2 for a suitable λ ∈ R, then we will write D1 ∼num D2. We
will use the analogous notation for elements of Z1(X)R.
• By abuse of notation, we will sometimes say that a 1-cycle or R-divisor is
numerically equivalent or numerically proportional to a numerical equiv-
alence class of a 1-cycle or R-divisor, respectively.
• If c is a 1-cycle onX with coefficients in R andD is an R-divisor onX, then
[c] and [D] denote the numerical equivalence classes of c in Z1(X)R/ ≡num
and of D in Div(X)R/ ≡num.
• If dim(X) > 2, we will denote numerical equivalence classes of 1-cycles
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CHAPTER 1
Technical basics
In this chapter we will accomplish the basic terms which we will need for the
following chapters. We will define the cones that we will use, we will recall
the theorem of [BDPP04] and we will give a brief review of the minimal
model program.
1.1. Cones in the Néron-Severi spaces
We start with the definition of our working space.
Definition 1.1 (Néron-Severi spaces). The vector space Z1(X)R/ ≡num of
numerical equivalence classes of 1-cycles on X with real coefficients is called
the Néron-Severi space of curves and is denoted by N1(X)R. The vector
space Div(X)R/ ≡num of numerical equivalence classes of R-divisors on X is
called the Néron-Severi space of divisors and is denoted by N1(X)R.
Remark 1.2. The Néron-Severi spaces are finite-dimensional real vector
spaces. This fact follows from the theorem of Néron and Severi, which states
that the group of divisors modulo algebraic equivalence is a finitely generated
abelian group, see [Har77, Chapter V, Remark 1.9.1]. By construction of
the Néron-Severi spaces, taking intersection numbers of 1-cycles with Cartier
divisors yields a perfect pairing
N1(X)R ×N1(X)R → R, (∆, γ) 7→ ∆ · γ ∈ R.
See [Laz04, Definition 1.4.25]. The dimension dimR(N1(X)R) =: ρ(X) of
N1(X)R is called the Picard number of X.




ai[ci] | ci ⊂ X an irreducible curve, ai ≥ 0
}
⊂ N1(X)R
be the convex cone spanned by all classes of effective 1-cycles on X. Its
closure NE(X) ⊂ N1(X)R is called the Mori cone of X.
Definition 1.4 (Movable and strongly movable curves). An irreducible curve
c ⊂ X is calledmovable ormoving curve if c = ct0 is a member of an algebraic
family {ct}t∈T ⊂ X of irreducible curves such that
⋃
t∈T ct ⊂ X is dense in
X. A 1-cycle class γ ∈ N1(X)R is called movable or moving class if γ = [c]
is the class of a movable curve c ⊂ X.
A curve s ⊂ X is called a strongly movable curve if there exists a projective
birational mapping µ : X ′ 99K X, together with ample divisors A1, ..., An−1
on X ′, such that s = µ∗(A1 ∩ ... ∩ An−1). A class γ ∈ N1(X)R is called
a strongly movable class if γ = [s] is the class of a strongly movable curve
s ⊂ X.
1
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Definition 1.5 (Moving cone, strongly movable cone). The closure in




aiγi | ai ≥ 0, γi ∈ N1(X)R movable
}
is called the moving or movable cone of X. The closure in N1(X)R of the




aiγi | ai ≥ 0, γi ∈ N1(X)R strongly movable
}
is called the strongly movable cone of X.
Fact 1.6 (See [BDPP04, §2]). The cones NM(X) and SNM(X) are closed
convex cones in N1(X)R. We have the following inclusions
SNM(X) ⊆ NM(X) ⊆ NE(X).
Note that the paper [BDPP04] treats projective manifolds, however, every-
thing holds true for Q-factorial projective varieties, as well.
Definition 1.7 (Pseudoeffective cone). The pseudoeffective cone
Eff(X) ⊂ N1(X)R
is the closure of the convex cone spanned by the classes of all effective R-
divisors on X.
Definition 1.8 (Extremal face). Let K ⊂ V be a closed convex cone in a
finite-dimensional real vector space. An extremal face F ⊂ K is a subcone
of K having the following property:
(1.a) if v + w ∈ F for some v, w ∈ K, then necessarily v, w ∈ F.
A one-dimensional extremal face R of K is called extremal ray .
Remark 1.9. A subcone with the property (1.a) is often called “geometri-
cally extremal ”.
Definition 1.10 (Extremal class). Let K be closed convex cone in N1(X)R
or in N1(X)R. A class γ ∈ K is called extremal class if the ray r = R+γ
spanned by γ is an extremal ray of K.
1.1.1. Two important theorems of BDPP. The next theorem is one
of the main results in [BDPP04]. As mentioned in the introduction, this
result was a great achievement. With this theorem the authors were able to
give a characterization of uniruled varieties: a smooth projective variety X
is uniruled if and only if KX is not pseudoeffective.
Theorem 1.11 (see [BDPP04, Theorem 2.2]). Let X be an irreducible
projective variety of dimension n. Then the cones SNM(X) and Eff(X) are
dual; in other words,
SNM(X) = {γ ∈ N1(X)R | γ ·∆ ≥ 0, for all ∆ ∈ Eff(X)}.

The following theorem shows why Theorem 1.11 is useful for our purposes.
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Theorem 1.12 (see [BDPP04, Theorem 2.4]). Let X be an irreducible pro-
jective variety of dimension n. Then the cones SNM(X) of strongly movable
curves and NM(X) of moving curves coincide; in other words,
NM(X) = {γ ∈ N1(X)R | γ ·∆ ≥ 0, for all ∆ ∈ Eff(X)}.
Proof. We have already seen that Eff(X)∨ = SNM(X) ⊆ NM(X). On the
other hand, every movable curve has non-negative intersection with every
irreducible divisor. This is due to the fact that we can move the curve out of
the support of the divisor. Moreover, every movable class appears as a limit
of classes of effective 1-cycles which consist of movable curves. Since taking
intersection numbers is continuous, this yields that NM(X) ⊆ Eff(X)∨. 
Therefore, we can use the duality-statement of Theorem 1.11 in the forth-
coming computations.
1.2. A brief review of the Minimal Model Program
In this section we want to give a brief review of the minimal model pro-
gram. Note that the version of the minimal model program (mmp) which
is presented here is just the easiest one. There are more powerful versions
as mmp with scaling and the improvement of the program is still an active
field of research. Recently, there has been much development due to the
paper [BCHM06] which appeared on the arXiv in 2006. However, we will
not present anything else than the basic version since we will just need the
elementary methods.
The aim of the program is to find a birational model Y of a given variety X
such that KY is nef or such that there exists a fibration f : Y → Z with the
property that KF is nef, where F denotes a general fibre of f . The idea is
to “get rid” of curves which have negative intersection with KX .
Even if X is a smooth variety, running the minimal model program for X
can produce singular varieties. Therefore, we have to introduce the notion
of terminal singularities as a first step.
Then we will state the Cone and the Contraction Theorem. Both theorems
are essential for the following.
1.2.1. The Cone and the Contraction Theorem.
Definition 1.13 (Terminal singularities). A normal variety X of dimension
n has only terminal singularities if
(i) KX is Q-Cartier; in other words, there exists an integer m ∈ N such
that mKX is a Cartier divisor,
(ii) there exists a projective birational morphism f : Y → X from a smooth
variety Y such that all coefficients aj of the exceptional divisors Ej of




Definition 1.14. A normal variety X is called Q-factorial if every Weil
divisor D on X is Q-Cartier, which means that there exists in integer m ∈ N
such that mD is Cartier.
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Now we are able to state the Cone Theorem.
Theorem 1.15 (Cone Theorem, see [Mat02, Theorem 7-2-1]). Let X be a
Q-factorial projective variety with only terminal singularities such that KX
fails to be nef. Then
NE(X) = NE(X)KX≥0 +
∑
R+[ri],
where NE(X)KX≥0 := {γ ∈ NE(X) | γ ·KX ≥ 0} and the [ri] are locally
discrete classes of rational curves in the half-space
NE(X)KX<0 := {γ ∈ NE(X) | γ ·KX < 0}.

Remark 1.16 ([Deb01, Chapter 6.1 and 7.9]). The proof of the Cone The-
orem given in [Deb01] shows that for every ample R-divisor A and ε > 0
there are only finitely many extremal rays in the half space N1(X)KX+εA<0.
This shows that NE(X) is a convex polyhedral cone if −KX is ample. See
[Laz04, Example 1.5.34].









Figure 1. Illustration of the Cone Theorem. Cf. [Deb01, Theorem 6.1]
Definition 1.17. A normal projective variety X of dimension n is called a
Fano n-fold if its anticanonical bundle −KX is ample.
Another important concept is the notion of an extremal contraction.
Definition 1.18 (Extremal contraction). Let X be a Q-factorial projective
variety with only terminal singularities. Then a morphism ϕ : X → Y is
called an extremal contraction if
(i) ϕ is not an isomorphism,
(ii) if c ⊂ X is a curve with ϕ(c) = pt., then c ·KX < 0,
(iii) all the curves contracted by ϕ are numerically proportional; in other
words, ϕ(c) = pt. = ϕ(c′)⇒ [c] = λ[c′], for a suitable λ ∈ Q+,
(iv) ϕ has connected fibres with Y being normal and projective.
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Theorem 1.19 (Contraction Theorem, see [Mat02, Theorem 8-1-3]). Let
X be a Q-factorial projective variety with only terminal singularities such
that KX is not nef. For each extremal ray R+[r] of NE(X) with r ·KX < 0
there exists a morphism ϕr : X → Y , called the contraction of the extremal
ray R+[r], such that
(i) ϕr is an extremal contraction,
(ii) if c ⊂ X is a curve, then ϕr(C) = pt.⇔ [c] ∈ R+[r]. 
Definition 1.20. Let ϕ : X → Y be a birational morphism. Then there
exists a birational map ψ : Y 99K X such that ϕ ◦ ψ = idY and ψ ◦ ϕ = idX
as rational maps. There exists a maximal open subset V ⊂ Y such that
ψ|V : V → X is a morphism. For details see [Har77, Chapter V.5]. The
inverse image ExcX(ϕ) := ϕ−1(Y \ V ) ⊂ X of Y \ V under ϕ is called the
exceptional locus of ϕ in X.
Remark 1.21 (See [KM98, Proposition 2.5]). There are three different
types of extremal contractions ϕ : X → Y .
(i) The morphism ϕ is birational. If codimXExcX(ϕ) = 1, we say ϕ is a
divisorial contraction or of divisorial type.
(ii) The morphism ϕ is birational. If codimXExcX(ϕ) ≥ 2, we say ϕ is a
small contraction or of flipping type.
(iii) If dimY < dimX, we say ϕ is of fibre type.
In case (i) the exceptional locus ExcX(ϕ) consists of a unique irreducible
divisor, and Y is again Q-factorial with only terminal singularities. For a
proof of this fact see also [KMM87, Proposition 5-1-6]. The morphism ϕ
reduces the Picard number of X by one; in other words, ρ(Y ) = ρ(X)− 1.
In case (iii) X is a Mori fibre space.
In case (ii) the morphism ϕ is birational, but the canonical divisor KY of Y
is not Q-Cartier anymore. This can be seen as follows.
If KY was Q-Cartier, then we would have KX = ϕ∗(KY ) since ϕ is an
isomorphism in codimension one. If c is a curve in a fibre of ϕ, then we have
c ·KX < 0 by definition of an extremal contraction. On the other hand, the
equality KX = ϕ∗(KY ) would imply that
0 = c · ϕ∗(KY ) = c ·KX < 0.
This is a contradiction.
For more details see [Mat02, Chapters 3 and 8] or [KMM87].
Definition 1.22. Let X be a Q-factorial projective variety with only ter-
minal singularities such that KX is not nef. Let R+[r] be a KX -negative
extremal ray of NE(X). We say
(i) R+[r] is a divisorial extremal ray and [r] is a divisorial extremal class
if the corresponding extremal contraction is divisorial,
(ii) R+[r] is a small or flipping extremal ray and [r] is a small or flipping
extremal class if the corresponding extremal contraction is small,
(iii) R+[r] is an extremal ray of fibre type and [r] is an extremal class of fibre
type if the corresponding extremal contraction is of fibre type.
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Because of the existence of small contractions, we have to introduce the
notion of flips.
Definition 1.23 (Flip). Let X be a Q-factorial projective variety with only
terminal singularities and let ϕ : X → Y be a small contraction. A birational
map
φ : X 99K X+
to a Q-factorial projective variety X+ with only terminal singularities is
called a flip of ϕ if the following conditions hold.
(i) There exists a proper birational morphism ϕ+ : X+ → Y such that the















(ii) The morphism ϕ+ is an isomorphism in codimension one. In particular,
ϕ+ is small; in other words, the exceptional locus ExcX+(ϕ+) of ϕ+ in
X+ has codimension at least two.
(iii) KX+ is ϕ+-ample.
We say that the diagram (1.b) is the flip diagram of ϕ, we call ϕ+ the flipped
small contraction and X+ the flipped variety obtained by φ.
Remark 1.24. By abuse of notation, we will sometimes call the map φ a
flip of an extremal ray or a flip of an extremal class. Note that ϕ+ has con-
nected fibres and all the curves in fibres of ϕ+ are numerically proportional.
Moreover, if a flip of a small contraction exists, then it is unique. For details
see [Mat02, Chapter 9]. The existence and termination of flips was and
partially still is a major problem in Mori theory.
Conjecture 1.25 (Flip Conjecture). Let X be a Q-factorial projective vari-
ety with only terminal singularities and let ϕ : X → Y be a small contraction.
(i) The flip φ : X 99K X+ of ϕ exists.
(ii) There is no infinite sequence of flips.
This conjecture has been proved in dimension three and four due to the work
of Mori, Kollár, Shokurov, Kawamata, Hacon, McKernan and others.
Part (i) of the conjecture was proved in the preprint [BCHM06] by Birkar,
Cascini, Hacon and McKernan in 2006.
Part (ii) of the conjecture is still not known in general and one of the big
problems in modern algebraic geometry. As mentioned before, there has been
a lot of development in the field and there are many cases where important
results have been proved. A good reference for a detailed overview is the
book [Cor07].
We will present the very basic version of the minimal model program now,
and we will see why this conjecture is so important.
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1.2.2. The minimal model program.
(1) We start with a Q-factorial projective variety X with only terminal
singularities.
(2) We ask if KX is nef. If the answer is yes, we call X a minimal
model and stop the program. If the answer is no, we perform the
next step of the program.
(3) Since KX is not nef, there exists a contraction ϕ : X → Y of an
extremal ray R+[r] of NE(X) with r · KX < 0. Now, we ask if
dimY < dimX. If the answer is yes, X is a Mori fibre space and
we stop the program. If the answer is no, we perform the next step
of the program.
(4) We ask if codimXExc(ϕ) ≥ 2. If the answer is no, Y is again
Q-factorial and projective with only terminal singularities and we
restart the program with Y instead of X. If the answer is yes, we
perform the next step of the program.
(5) By the existence of flips, we can flip the map ϕ, and obtain a Q-
factorial projective variety X+ with only terminal singularities; we
restart the program with X+ instead of Y .
If the termination conjecture 1.25 (ii) for flips holds, this procedure termi-
nates and results in a minimal model or a Mori fibre space since the Picard
number decreases by one with every divisorial contraction.
Recall that there are more powerful versions of the minimal model program,
but the basic version suffices for our purposes.




In this chapter we will investigate the cone of moving curves for projec-
tive varieties of dimension two. We will see that for projective surfaces the
situation is quite special. This is due to the following fact.
Fact 2.1. Let X be a Q-factorial projective surface. Then the cones NE(X)
and Eff(X), respectively NM(X) and Nef(X), coincide since prime divisors
are nothing but irreducible curves; as usual, we denote by Nef(X) ⊂ N1(X)R
the cone of nef R-divisors on a projective variety X.
Therefore, we will obtain a structure theorem for the cone of moving curves
by simply “dualising” the statement of Mori’s Cone Theorem. This will be
done in the following section 2.1.
In section 2.2 we will investigate how extremal faces of the moving cone of
a smooth surface X can be located inside the Mori cone of X.
Finally, we will compute some examples, and we will see in Corollary 2.17
that an extremal ray of the moving cone is not necessarily represented by
a rational curve. In contrast to the situation of the Mori cone, cf. Theo-
rem 1.15, this may happen even if the ray has negative intersection with the
class of the canonical divisor.
2.1. The moving cone of a projective surface
As said before, we will use the duality of the nef cone and the Mori cone in
this section. Here is the idea.
If X is a Q-factorial projective variety such that KX + εA is not nef for a
given ample divisor A on X and ε > 0, then we can consider the line segment
in N1(X)R connecting [KX +εA] and the class of an arbitrary ample divisor
on X. These line segments intersect a special subset Pε ⊂ ∂Nef(X).
Construction and Definition 2.2. Let X be a Q-factorial projective va-
riety such that KX is not nef. Fix an ample divisor A on X and choose
ε > 0 such that KX + εA is not nef. We can connect [KX + εA] with ev-
ery point Γ ∈ Amp(X) = Int(Nef(X)) by a line segment lε(Γ) ⊂ N1(X)R,
parametrised by
lΓ,ε(t) = [KX + εA] + t(Γ− [KX + εA]), t ∈ [0, 1],
which intersects ∂Nef(X). We set










Figure 1. The line segment lε(Γ) between [KX + εA] and Γ
meets the point Σ ∈ Pε ⊂ ∂Nef(X).
Theorem 2.3. Let X be a Q-factorial projective variety such that KX is
not nef and let A be an ample divisor on X. Then for every ε > 0 with
[KX + εA] /∈ Nef(X) the set Pε ⊂ ∂Nef(X) is an open set in ∂Nef(X),
and it is cut out of Nef(X) by finitely many linear equations given by the
KX + εA-negative extremal rays of NE(X). Moreover, Pε ⊂ Pε˜ for ε˜ < ε.
Strategy for the proof: We will divide the proof into three steps.
In step one, we will show that the following property holds: for every point
Σ ∈ Pε there is a 1-cycle class δ ∈ NE(X)KX+εA<0 which gives a hyperplane
δ⊥ := {Λ ∈ N1(X)R | δ · Λ = 0} with Σ ∈ δ⊥ ∩Nef(X) ⊂ ∂Nef(X).
By usage of step one, we will show that Pε is cut out of Nef(X) by finitely
many equations which are given by [KX + εA]-negative extremal classes of
NE(X). This will be done in step two.
In step three we will show that Pε ⊂ Pε˜ for ε˜ < ε.
Proof. Let ε > 0 be a real number such that KX + εA is not nef. The set
Pε is clearly open by construction. Now let Σ ∈ Pε be an arbitrary point.
By definition, there is an element Γ ∈ Amp(X) and a scalar t0 ∈ (0, 1) such
that
Σ = [KX + εA] + t0(Γ− [KX + εA]).
1. Step: The nef cone Nef(X) is dual to the Mori cone NE(X). Therefore,
there is a hyperplane δ⊥ which is given by an element δ ∈ ∂NE(X)
such that Σ ∈ δ⊥ ∩Nef(X) ⊂ ∂Nef(X). Hence we find
0 = δ ·Σ = δ ·([KX + εA] + t0(Γ− [KX + εA]))
= (1− t0)︸ ︷︷ ︸
>0
δ ·[KX + εA] + t0 δ · Γ︸ ︷︷ ︸
>0
⇒ δ ·[KX + εA] < 0.
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2. Step: According to the first step, δ is contained in the (KX+εA)-negative
part of NE(X). Therefore, we find an effective linear combina-
tion δ = ρ + a1[r1] + · · · + ak[rk], where ρ ∈ NE(X)KX+εA≥0
and [r1], ..., [rk] ∈ NE(X)KX+εA<0 are some extremal classes in
NE(X)KX+εA<0. Hence
0 = δ ·Σ = ρ ·Σ︸︷︷︸
≥0
+ a1[r1] ·Σ︸ ︷︷ ︸
≥0
+ · · ·+ ak[rk] ·Σ︸ ︷︷ ︸
≥0
.
This yields that ρ ·Σ = [ri] ·Σ = 0 for all i = 1, . . . , k, but the class
ρ has non-negative intersection number with KX + εA and every









Figure 2. If ρ 6= 0, then it cannot have non-negative inter-
section with KX + εA and Nef(X) at the same time.




Since there are just finitely many extremal rays in NE(X)KX+εA<0,
this implies that the set Pε is cut out of Nef(X) by finitely many







Figure 3. Extremal classes of NE(X) cut out the set Pε.
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3. Step: Now let 0 ≤ ε˜ < ε be a real number. We show that Pε ⊂ Pε˜.
We can write Σ in the following way.
Σ = [KX + εA] + t0(Γ− [KX + εA])
= ([KX + ε˜A] + (ε− ε˜)[A]) + t0 (Γ− [KX + ε˜A] + (ε− ε˜)[A]))
= [KX + ε˜A] + t0
(
(Γ + 1−t0t0 (ε− ε˜)[A])− [KX + ε˜A]
)
.
The divisor class (Γ+ 1−t0t0 (ε− ε˜)[A]) is ample since 0 < t0 < 1 and







Figure 4. The sets P0 and Pε for ε >> 0.

Corollary 2.4. Let X be a Q-factorial projective surface such that KX is
not nef and let A be an ample divisor on X. Then for every ε > 0 with
[KX + εA] /∈ Nef(X) the set Pε ⊂ ∂NM(X) is an open set in ∂NM(X),
and it is cut out of NM(X) by finitely many linear equations given by the
KX + εA-negative extremal rays of NE(X). Moreover, Pε ⊂ Pε˜ for ε˜ < ε.
Proof. The cones NE(X) and Eff(X), respectively NM(X) and Nef(X), co-
incide since prime divisors are nothing but irreducible curves. 
Remark 2.5. Because of Fact 2.1, it does not make any sense to keep dif-
ferent notation for divisors and 1-cycles on surfaces.
Notation 2.6. If X is a projective surface, we will just use different no-
tation for divisors or 1-cycles on X and their numerical equivalence classes
in N1(X)R = N1(X)R. We will denote divisors or 1-cycles on X by Latin
letters and their numerical equivalence classes by Greek letters.
We have already seen that the Mori cone of a Fano surface is polyhedral.
The same holds true for the moving cone of a Fano surface.
Proposition 2.7. If X is a Q-factorial Fano surface, then
NM(X) = {µ ∈ N1(X)R | µ ·[Ri] ≥ 0 for all i = 1, . . . , n},
where R1, . . . , Rn are the rational curves which span NE(X). In particular,
NM(X) is a closed, convex, polyhedral cone in N1(X)R.
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Proof. By definition, the anticanonical divisor −KX is ample. Thus the
Cone Theorem 1.15 yields that NE(X) is a convex, polyhedral cone spanned
by classes of rational curves R1, . . . , Rn ∈ N1(X)R. If µ ∈ N1(X)R is a class
with µ ·[Ri] ≥ 0, for all i = 1, . . . , n, then µ · γ ≥ 0 for all γ ∈ NE(X). Hence
{µ ∈ N1(X)R | µ ·[Ri] ≥ 0 for all i = 1, . . . , n} ⊆ NM(X). The inclusion













Figure 5. The moving cone NM(X) of X is cut out by the
hyperplanes [Ri]⊥ = {γ ∈ N1(X)R | γ ·[Ri] = 0}, i = 1, 2, 3.
2.2. Extremal faces of the moving cone
The moving cone is a subcone of the Mori cone by definition. Therefore, one
could ask how the moving cone is located inside the Mori cone. Construc-
tion 2.2 shows that the location of the set P0 ⊂ ∂NM(X) of a projective
surface with [KX ] /∈ NE(X) is influenced by the selfintersection of KX . Fig-
ure 6 and 7 sketch NM(X) inside NE(X) for a projective surface X with
K2X < 0 and with K
2












Figure 7. K2X > 0.
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In respect of the equations which cut out P0 or the whole cone for Fano
surfaces, one could ask how extremal faces of the moving cone sitting inside
an extremal face of the Mori cone are constituted. The following theorem
gives an answer to that question for smooth projective surfaces.
Theorem 2.8. Let X be a smooth projective surface. If M ( NM(X) is an
extremal face of NM(X) which is contained in an extremal face F ( NE(X)









Figure 8. The hatched area sketches the moving cone inside
the Mori cone, and the dashed lines sketch the hyperplanes
which cut out the moving cone. The situation which is dis-
played on the left hand side cannot occur. A “moving face” M
inside a ”Mori face” F has to be a ray if there is aKX -negative
movable class µ ∈M .
The key to the proof is that if X is a smooth surface such that NE(X) has an
extremal face which contains a KX -negative movable class, then X is forced
to be a birational model of a ruled surface Xe over a smooth curve C:
X = X0
φ0−→ X1 φ1−→ · · · φk−1−−−→ Xk = Xe → C.
Moreover, every movable class in that extremal face is the pullback of a fibre
of the ruled surface Xe via the map
(φk−1 ◦ · · · ◦ φ0)∗ : N1(Xe)R → N1(X)R.
2.2.1. Proof of Theorem 2.8. The following lemmas are preparatory
work for the proof of the forthcoming Proposition 2.12, which will be the
main argument for the proof of Theorem 2.8.
At first, we want to conclude information about a smooth projective surface
X by investigating the selfintersection of the rational curves which span a
KX -negative extremal ray of NE(X).
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Lemma 2.9 ([Deb01, Lemma 6.2]). Let X be a smooth projective surface.
(i) The class of an irreducible curve C on X satisfying C2 ≤ 0 is in
∂NE(X).
(ii) The class of an irreducible curve C on X satisfying C2 < 0 spans an
extremal ray of NE(X).
(iii) If the class of an irreducible curve C on X satisfying C2 = 0 and
KX ·C < 0 spans an extremal ray of NE(X), then the surface X is ruled
over a smooth curve, C is a fibre and X has Picard number ρ(X) = 2.
(iv) If ν spans an extremal ray of NE(X), then either ν2 ≤ 0 or X has
Picard number ρ(X) = 1.
(v) If ν spans an extremal ray of NE(X) and ν2 < 0, then the extremal ray
is spanned by the class of an irreducible curve. 
Corollary 2.10. Let X be a smooth surface with Picard number ρ(X) ≥ 2
and let (Ri)i∈I ⊂ X be the KX-negative rational curves which span the KX-
negative extremal rays of NE(X). Then one of the following statements holds.
(i) R2i = −1 for all i ∈ I or
(ii) R2i = 0 for some i ∈ I, X is a ruled surface with Picard number
ρ(X) = 2 over a smooth curve C and Ri is a fibre.
Proof. Since ρ(X) > 1 by assumption, Lemma 2.9 (iv) yields that R2i ≤ 0.
Using the asssumption Ri ·KX < 0 and the adjunction formula [Har77,
Chapter V, Exercise 1.3], we obtain
2ga(Ri)− 2 = Ri ·(Ri +KX) < 0⇒ ga(Ri) = 0, for all i ∈ I.
Hence −2 = R2i + Ri ·KX < R2i ⇒ −1 ≤ R2i ≤ 0 for all i ∈ I. If R2i = 0 for
some i ∈ I, then Lemma 2.9 (iii) says that X is a ruled surface with Picard
number ρ(X) = 2 over a smooth curve C and that Ri is a fibre. 
This gives a nice criterion to detect if a surface X is ruled. We will now see
that extremal faces of NE(X) which contain a KX -negative movable class
behave very well under a divisorial contraction of a (−1)-curve of that face.
Lemma 2.11. Let X be a smooth surface and let F ⊂ NE(X) be an extremal
face of NE(X). If ϕ : X → X ′ is the contraction of a (−1)-curve E with
[E] ∈ F and µ ∈ (NM(X) ∩ F )KX<0 is a movable class, then the following
holds:
(i) ϕ∗(µ) is KX′-negative,
(ii) ϕ∗(ϕ∗(F )) ⊂ F ,
(iii) F ′ := ϕ∗(F ) is an extremal face of NE(X ′),
(iv) F ( NE(X)⇒ F ′ ( NE(X ′).
Proof. A short computation shows that ϕ∗(µ) ∈ ϕ∗(F ) = F ′ is again mov-
able, and F ′ is a subcone of NE(X ′) since ϕ∗ : N1(X)R → N1(X ′)R is a
homomorphism. Let us prove (i):
ϕ∗(µ) ·[KX′ ] = µ · ϕ∗([KX′ ]) = µ ·([KX ]− [E]) = µ ·[KX ]︸ ︷︷ ︸
<0




To prove (ii), let δ ∈ F be an arbitrary class. We have ϕ∗(ϕ∗(δ)) = δ+ k[E]
for some k ∈ R. Note that k < 0 is possible if [E] is a component of δ.
If k ≥ 0, we deduce that ϕ∗(ϕ∗(δ)) ∈ F since [E] and δ lie in F . If k < 0,
we have that
ϕ∗(ϕ∗(δ)) + (−k)[E] = δ ∈ F.
However, the classes ϕ∗(ϕ∗(δ)) and (−k)[E] are contained in NE(X). This
implies that ϕ∗(ϕ∗(δ)) ∈ F since F is an extremal face of NE(X).
We will now use (ii) to prove (iii). Let γ′ ∈ F ′ be an arbitrary class such
that γ′ = ν+η for some ν, η ∈ NE(X ′). There exists a class γ ∈ F ⊂ NE(X)
with γ′ = ϕ∗(γ) since ϕ∗ is surjective, and we have
F 3 ϕ∗(ϕ∗(γ)) = ϕ∗(γ′) = ϕ∗(ν) + ϕ∗(η)
by (ii). Therefore, since F is an extremal face of NE(X), we infer that the
classes ϕ∗(ν) and ϕ∗(η) are contained in F . This yields that the classes
ν = ϕ∗(ϕ∗(ν)) and η = ϕ∗(ϕ∗(η)) are contained in ϕ∗(F ) = F ′.
Let us prove (iv): Aiming for a contradiction, assume that F ( NE(X) and
that F ′ = NE(X ′). Then, there exists an element ξ ∈ F ′ such that
ϕ∗(ν1) = ξ = ϕ∗(ν2)
for some ν1 ∈ F and ν2 ∈ NE(X)\F . Therefore, ν2−ν1 is a multiple of [E].
Assume that ν2 − ν1 = λ[E] with λ ≥ 0. Then ν2 = λE + ν1 ∈ F since ν1
and [E] lie in F . This is a contradiction since ν2 /∈ F .
Assume that ν2 − ν1 = λ[E] with λ < 0. Then ν1 − ν2 is a positive multiple
of [E] and thus contained in F . In addition, the sum (ν1 − ν2) + ν2 = ν1
is contained in F since ν1 ∈ F by assumption. This yields that ν2 ∈ F as
ν2 ∈ NE(X) and F is an extremal face. As before, this is a contradiction.
This proves statement (iv) and concludes the proof. 
Proposition 2.12. Let X be a smooth surface with Picard number ρ(X) ≥ 3,
and let F0 ( NE(X) be a proper extremal face of NE(X) such that
F0 ∩ NE(X)KX<0 6= ∅. If µ ∈ F0 ∩ NE(X)KX<0 is a movable class, then
there exists a finite sequence of monoidal transformations
X =: X0
φ0−→ X1 φ1−→ . . . φk−1−−−→ Xk
such that Xk is a ruled surface over a smooth curve C.
Each monoidal transformation φi is the contraction of a (−1)-curve Ri with
[Ri] ∈ Fi := (φi−1)∗(Fi−1) ( NE(Xi), i = 1 . . . k − 1. In particular, each
movable class in F0 will be mapped to a multiple of the class of a fibre in Xk.
Proof. Since the Picard number ρ(X) ofX is greater than two, Corollary 2.10
yields that all KX -negative extremal rays of NE(X) are spanned by (−1)-
curves.
Since F0 ∩ NE(X)KX<0 6= ∅, there exists a KX -negative extremal class
[R0] ∈ F0. The Contraction Theorem 1.19 guarantees the existence of an
extremal contraction φ0 : X =: X0 → X1 which contracts the extremal
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ray R+[R0] ⊂ NE(X). Since R0 is a (−1)-curve, Lemma 2.11 ensures that
F1 := (φ0)∗(F0) is an extremal face of NE(X1) and that µ1 := (φ0)∗(µ) ∈ F1
is again a KX1-negative movable class. Therefore, F1 is not contained in
NE(X1)KX1≥0 and there exists a KX1-negative extremal ray R+[R1] ∈ F1 of
NE(X1) in F1. Moreover, we have ρ(X1) = ρ(X)−1 ≥ 2 and thus (R1)2 ≤ 0
by Corollary 2.10.
Case 1: If the extremal face F1 is a ray, then F1 = R+[R1] and
0 ≤ (λµ1)2 = [R1]2 ≤ 0⇒ (R1)2 = 0, for a suitable λ > 0.
This follows from the fact that the KX1-negative movable class µ1 is
contained in F1 = R+[R1]. HenceX1 is a ruled surface over a smooth
curve C with ρ(X1) = 2 by Corollary 2.10, and every movable class
in F0 is mapped to a multiple of a fibre in X1 via (φ0)∗.
Case 2: Conversely, if ρ(X1) = 2, then the face F1 has to be a ray and we
are in the situation of case 1.
Case 3: If the Picard number ρ(X1) of X1 is still greater than two, Corol-
lary 2.10 implies that all KX1-negative extremal rays of NE(X1) are
spanned by (−1)-curves. In particular, R1 is a (−1)-curve, all mov-
able classes in F0 are mapped to movable classes in F1 via (φ0)∗ and













Figure 9. Illustration of this procedure with k = 3.
This procedure ends in a ruled surface Xk over a smooth curve C since the
Picard number drops by one with every contraction of a (−1)-curve. 
Proof of Theorem 2.8. We can assume that ρ(X) ≥ 3. Proposition 2.12
yields that there exists a finite sequence of monoidal transformations
X
φ0−→ X1 φ1−→ . . . φk−1−−−→ Xk
such that Xk
pi−→ C is a ruled surface over a smooth curve C. Denote by φj
the map φk−1 ◦ · · · ◦φj : Xj → Xk, 0 < j < k−1, and set φ := φ0 : X → Xk.
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By [Deb01, Lemma 6.7 (c)], the extremal face F0 := F ⊂ NE(X) has a
supporting function; in other words, there exists a non-zero R-divisor class
Λ ∈ N1(X)R such that
F0 = Λ⊥ ∩NE(X) = {∆ ∈ NE(X) | Λ ·∆ = 0}.
This implies that Λ or −Λ is nef. W.l.o.g. assume that Λ is nef.
Claim. The class Λ is a real multiple of the class [f0] of a fibre f0 ⊂ X of
pi ◦ φ in X.
Proof of the claim. Let fk be a fibre of pi in Xk. Set fi := (φi)∗(fi+1),
i = k − 1, . . . , 0, and Fj := (φj−1)∗(Fj−1), j = 1, . . . , k.
By Proposition 2.12, every movable class µ ∈M ⊂ F0 is mapped to a multi-
ple of the class [fk] ∈ N1(Xk)R by φ∗. This implies that [fk] ∈ Fk. Therefore,
Lemma 2.11 (ii) yields that φ∗([fk]) ∈ F0, and, using the projection formula,
we compute that
φ∗(Λ) ·[fk] = Λ · φ∗([fk]) = 0.
Since Xk is a ruled surface, we see that φ∗(Λ) = k[fk], for suitable k ∈ R.
Note that fi is a fibre of pi ◦ φi in Xi and by construction
[fi] = [(φi)∗(fi+1)] = (φi)∗([fi+1])
for all i = k − 1, . . . , 0. Therefore, φ∗(φ∗(Λ)) = k[f0] is a multiple of the
class of the fibre f0 of pi ◦ φ in X.
It remains to show that φ∗(φ∗(Λ)) = Λ.
We have already seen that the class [f0] = φ∗([fk]) of a general fibre of pi ◦φ
in X is contained in F0. Moreover, the extremality condition on F0 implies
that the class of every φ-exceptional curve in X is also contained in F0. In
particular,
Λ ·[R] = 0, for every φ-exceptional curve R in X.
This enables us to show that φ∗(φ∗(Λ)) = Λ.
Let D be an arbitrary irreducible R-divisor on X. The projection formula
gives
φ∗(φ∗(Λ)) ·[D] = φ∗(Λ) · φ∗([D]) = Λ · φ∗(φ∗([D])).
The class φ∗(φ∗([D])) can be written in the form [D] +m[E], where m ∈ R
and E is a linear combination of φ-exceptional curves. Therefore,
φ∗(φ∗(Λ)) ·[D] = Λ ·([D] +m[E]) = Λ ·[D] +mΛ ·[E] = Λ ·[D]
and hence k[f0] = φ∗(φ∗(Λ)) = Λ. Claim
Now let µ ∈ M ⊂ F0 be an arbitrary movable class. Then necessarily
0 = Λ · µ = k[f0] · µ. This implies that µ itself has intersection number zero
with every φ-exceptional curve in X and, as above, φ∗(φ∗(µ)) = µ.
Recall: Proposition 2.12 guarantees that the movable class µ ∈ M ⊂ F0
is mapped to a multiple of the class [fk] ∈ N1(Xk)R by φ∗. Therefore,
µ = φ∗(φ∗(µ)) = t[f0] for a suitable t ∈ R+, and every movable class in M
lies on the ray R+[f0]. This concludes the proof. 
Remark 2.13. This theorem is not true for varieties of higher dimension.
See Example 4.11 and Corollary 4.12 in section 4.2.
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Corollary 2.14. Let X be a smooth projective surface with Picard number
ρ(X) ≥ 3 and let F ⊂ NE(X)KX<0 be a KX-negative extremal face, which
is spanned by extremal classes [R1] . . . [Rk] of NE(X)KX<0. If F contains a
movable class µ, then k is an even number.
Proof. Proposition 2.12 yields that there exists a finite sequence of monoidal
transformations X φ1−→ X1 φ2−→ . . . φk−→ Xk and Xk is a ruled surface. More-












Figure 10. Fibres in X are either irreducible or they consist
of two (−1)-curves.
Note that each fibre is either irreducible or it contains two (−1)-curves since
the blow up of a smooth fibre produces exactly two (−1)-curves. Another
blow up of this fibre would produce at least one (−2)-curve, but there are
just (−1)-curves in F . 
2.3. Some examples
In this section we will compute a few examples and we will see in Corol-
lary 2.17 that an extremal ray of the moving cone is not necessarily spanned
by a rational curve.
Lemma 2.15. Let X be a ruled surface with invariant e < 0 over a smooth
curve C of genus g ≥ 0. Let C0 be the image of the section with selfintersec-
tion −e and let f be a fibre. Then NM(X) = 〈f, 2C0 + ef〉R+ .
Proof. Since X is a surface NM(X) = Nef(X) = Amp(X) and by [Har77,
Chapter V, Proposition 2.21] a divisor D = aC0 + bf on X is ample if and
only if a > 0 and b > a2e. 
Lemma 2.16. Let X be a ruled surface with invariant e ≥ 0 over a smooth
curve C of genus g ≥ 0. Let C0 be the image of the section with selfintersec-







Figure 11. Moving Cone of X with invariant e = 2
Proof. Since X is a surface NM(X) = Nef(X) = Amp(X) and by [Har77,
Chapter V, Proposition 2.20] a divisor D = aC0 + bf on X is ample if and
only if a > 0 and b > ae. 
Corollary 2.17. Let C be a smooth curve of genus g > 0, let L be a line
bundle on C with −e := degL ≤ 0 and set E := OC ⊕ L . Let X be the
ruled surface X := P(E) over C, let C0 be the image of the section with
selfintersection −e and let f be a fibre. Then there exists a section of X with
image C ′ ∼ C0 + ef . In particular, C ′ is a smooth curve of genus g > 0
which spans an extremal ray of NM(X).
Proof. By construction, X = P(E) is a ruled surface with invariant e ≥ 0
over a smooth curve C of genus g > 0. Let C ′ be the image of the section
corresponding to the surjection
E → OC → 0.
In particular, C ′ is isomorphic to C and hence a smooth curve of genus g > 0.
By [Har77, Chapter V, Proposition 2.9] C ′ ∼ C0 + ef and by Lemma 2.16
C ′ spans an extremal ray of NM(X). 
2.3.1. Monoidal transformations of ruled surfaces. We will now
illustrate a method to use Theorem 1.12 and a given divisorial contraction
for the computation of the moving cone on the easy level of ruled surfaces.
Lemma 2.18. Let pi : Xe,g → C be a ruled surface with invariant e ≥ 0
over a smooth curve C of genus g. Let C0 be the image of the section with
selfintersection −e and let f be a fibre. Denote by µ : X → Xe,g the blow up
of Xe,g in a point p on C0. Then NM(X) = 〈γ1, γ2, γ3〉R+ , where
γ1 = [f ′] + [E],
γ2 = [C ′0] + e[f
′] + (e+ 1)[E],
γ3 = [C ′0] + (e+ 1)([f
′] + [E]),
f ′ denotes the strict transform of f , C ′0 denotes the strict transform of C0
and E is the exceptional divisor of the blow up. Moreover, γ1 ·[KX ] = −2,
γ2 ·[KX ] = 2g − (e+ 2), γ3 ·[KX ] = 2g − (e+ 3).









Figure 12. Blow up of Xe,g in a point p on C0
Proof. By [Har77, Chapter V, Proposition 2.3], ρ(Xe,g) = 2 and N1(Xe,g)R
is spanned by [C0], [f ]. The canonical divisor KXe,g is numerically equivalent
to
−2C0 + (2g − 2− e)f
by [Har77, Chapter V, Corollary 2.11]. Hence
N1(X)R = 〈[C ′0], [f ′], [E]〉R
by [Har77, Chapter V, Proposition 3.2] and
[KX ] = µ∗([KXe,g ]) + [E] = −2[C ′0] + (2g− 2− e)[f ′] + (2g− 2− (e+ 1))[E]
by [Har77, Chapter V, Proposition 3.3]. The intersection numbers on X ′
are given in the following table.
· C ′0 f ′ E
C ′0 −(e+ 1) 0 1
f ′ 0 −1 1
E 1 1 −1
Now we want to investigate how to express classes of irreducible curves on
X in terms of the basis [C ′0], [f ′], [E]. So let C ′ be an irreducible curve on X
which is not numerically equivalent to C ′0, f ′ or E, and set
a := C ′ ·C ′0, b := C
′ · f ′, c := C ′ ·E.
Since µ∗(C ′) is again irreducible, [Har77, Chapter V, Proposition 2.20]
yields that
µ∗(C ′) = αC0 + βf
with α > 0 and β ≥ αe. Therefore, we obtain
C ′ + cE = µ∗(µ∗(C ′)) = αµ∗(C0) + βµ∗(f ′)
⇒ C ′ = αC ′0 + βf ′ + (α+ β − c)E.
Here the first equality is given by [Har77, Chapter V, Proposition 3.6]. By
taking intersections of C ′ with C ′0, respectively f ′, we deduce the equations
a = −eα+ β − c, b = α− c ⇒ α = b+ c, β = a+ c+ e(b+ c).




γ = λ1[C ′0] + λ2[f
′] + λ3[E]
be the class of an arbitrary movable curve on X.
Then we have 0 ≤ γ ·[C ′0], 0 ≤ γ ·[f ′], 0 ≤ γ ·[E]. This yields that
λ2 ≤ λ3
λ3 ≤ λ1 + λ2
λ3 ≥ (e+ 1)λ1
and, using Theorem 1.12, the previous considerations show that these equa-
tions give NM(X). The extremal rays of NM(X) are given by
γ1 ≡num [f ′] + [E],
γ2 ≡num [C ′0] + e[f ′] + (e+ 1)[E],
γ3 ≡num [C ′0] + (e+ 1)([f ′] + [E]).
Some short computations give
γ1 ·[KX ] = −2, γ2 ·[KX ] = 2g − (e+ 2), γ3 ·[KX ] = 2g − (e+ 3).

Lemma 2.19. Let pi : Xe,g → C be a ruled surface with invariant e < 0
over a smooth curve C of genus g. Let C0 be the image of the section with
selfintersection −e and let f be a fibre. Denote by µ : X → Xe,g the blow up
of Xe,g in a point p on C0. Then NM(X) = 〈γ1, γ2, γ3〉R+ , where
γ1 ≡num [f ′] + [E],
γ2 ≡num [C ′0] + e2 [f ′] + e+22 [E],
γ3 ≡num [C ′0] + e+12 ([f ′] + [E]),
f ′ denotes the strict transform of f , C ′0 denotes the strict transform of C0
and E is the exceptional divisor of the blow up. See Figure 12. Moreover,
γ1 ·[KX ] = −2, γ2 ·[KX ] = 2g − 2, γ3 ·[KX ] = 2g − 2.
Proof. By [Har77, Chapter V, Proposition 2.3], ρ(Xe,g) = 2 and N1(Xe,g)R
is spanned by [C0], [f ]. The canonical divisor KXe,g is numerically equivalent
to
−2C0 + (2g − 2− e)f
by [Har77, Chapter V, Corollary 2.11]. Hence
N1(X)R = 〈[C ′0], [f ′], [E]〉R
by [Har77, Chapter V, Proposition 3.2] and
[KX ] = µ∗([KXe,g ]) + [E] = −2[C ′0] + (2g− 2− e)[f ′] + (2g− 2− (e+ 1))[E]
by [Har77, Chapter V, Proposition 3.3]. The intersection numbers on X ′
are given in the following table.
· C ′0 f ′ E
C ′0 −(e+ 1) 0 1
f ′ 0 −1 1
E 1 1 −1
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Now let C ′ be an irreducible curve on X ′ which is not numerically equivalent
to C ′0, f ′ or E and set γ := C ′ ·E.
Since µ∗(C ′) is again irreducible, [Har77, Chapter V, Proposition 2.20]
yields that
µ∗(C ′) ≡num αC0 + βf
with either α = 1, β ≥ 0 or α ≥ 2, β ≥ 12αe. Therefore, we obtain
C ′ + γE ≡num µ∗(µ∗(C ′)) ≡num αµ∗(C0) + βµ∗(f ′)
⇒ C ′ ≡num αC ′0 + βf ′ + (α+ β − γ)E.
Since f ′ is a (−1)-curve, there exists a monoidal transformation










Figure 13. Blow up of X(e+1),g in a point p˜ on C˜0
The curve ν∗(C ′0) := C˜0 has selfintersection −(e + 1) and ν∗(E) := E˜ is a
fibre of X(e+1),g. As before, we obtain a representation
ν∗(C ′) ≡num α˜C˜0 + β˜E˜,
and [Har77, Chapter V, Proposition 2.20] yields that either α˜ = 1, β˜ ≥ 0 or
α˜ ≥ 2, β˜ ≥ 12 α˜(e+ 1). Since C ′ · f ′ = α− γ, we deduce
C ′ ≡num α˜C ′0 + (β˜ + γ − α)f ′ + β˜E.
Now let η = λ1[C ′0] + λ2[f ′] + λ3[E] be a movable class on X ′. Taking the
intersection numbers of η with [C ′], [C ′0], [f ′] and [E] we obtain the following
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inequalities.
0 ≤ (λ1[C ′0] + λ2[f ′] + λ3[E]) ·(α[C ′0] + β[f ′] + (α+ β − γ)[E])
= λ1(β − eα− γ) + λ2(α− γ) + λ3γ,
(2.a)
0 ≤ (λ1[C ′0] + λ2[f ′] + λ3[E]) ·(α˜C ′0 + (β˜ + γ − α)f ′ + β˜E)
= λ1(β˜ − (e+ 1)α˜) + λ2(α− γ) + λ3(γ − α+ α˜),
(2.b)
0 ≤ (λ1[C ′0] + λ2[f ′] + λ3[E]) ·[C ′0]
= −(e+ 1)λ1 + λ3,
(2.c)
0 ≤ (λ1[C ′0] + λ2[f ′] + λ3[E]) ·[f ′]
= −λ2 + λ3,(2.d)
0 ≤ (λ1[C ′0] + λ2[f ′] + λ3[E]) ·[E]
= λ1 + λ2 − λ3.(2.e)
We can assume that β = 12αe in inequality (2.a) and β˜ =
1
2 α˜(e + 1). To
obtain the extremal rays of the moving cone, we take equality in (2.a) to
(2.e) and intersect the resulting hyperplanes pairwise.
The equations (2.a) and (2.e) give the extremal ray spanned by the class
γ2 = [C ′0] +
e
2 [f
′] + e+22 [E], (2.d) and (2.e) give the extremal ray spanned by
the class γ1 = [f ′]+ [E]. The equations (2.b) and (2.d) give the extremal ray
spanned by the class γ3 = [C ′0] +
e+1
2 ([f
′] + [E]). Other admissible choices
for α, β, α˜ and β˜ or combinations of (2.a) to (2.e) do not yield any other
extremal rays of the moving cone.
Simple computations give
γ1 ·[KX ] = −2, γ2 ·[KX ] = 2g − 2, γ3 ·[KX ] = 2g − 2.

These two examples illustrate that the presence of a divisorial contraction
can be very useful. We were able to take advantage of our knowledge about
a birational model of our surface by usage of the projection formula.
Close inspection reveals that we have benefited from the projection formula
for divisors and divisor classes on surfaces throughout the whole chapter.
This formula is a powerful computational tool and we would like to benefit
from an analogous formula in higher dimensions.
Therefore, we want to establish a “numerical projection formula” for the com-
parison and the computation of intersection numbers on birational models
obtained by running the minimal model program. This is the subject of
chapter 3.
CHAPTER 3
Numerical pullback and pushforward
For computational reasons it would be very useful to take “pullbacks” and
“pushforwards” of 1-cycles via morphisms or isomorphisms in codimension
one. Whereas the pushforward of a 1-cycle via a proper morphism is easy
to define, a definition of pushforward of 1-cycles via a birational map has to
be handled carefully. This is due to the fact that a 1-cycle could be entirely
contained in the indeterminacy locus of the map. The situation is even more
difficult if we want to define a pullback of 1-cycles.
On the other hand, the situation is more practical for divisors. We can define
pullbacks and pushforwards of divisor classes via birational maps which are
surjective in codimension one without difficulties. This enables us to define a
notion of pullback or pushforward of 1-cycles as dual linear maps of pushfor-
wards or pullbacks of divisors, respectively. This idea was given and briefly
explained in [Ara05, Section 3]. A detailed treatment of pushforwards and
pullbacks of k-cycles is given in [Ful98].
3.1. Basic definitions and notation
Notation 3.1. In this section let X and Y be Q-factorial varieties with
only terminal singularities and ϕ : X 99K Y be a birational map which is
surjective in codimension one; that is, codimY (Y \ im(ϕ)) ≥ 2.
Fact 3.2. The pullback of Q-Cartier divisors on Y via ϕ gives an injective
linear map
ϕ∗ : N1(Y )R ↪→ N1(X)R
and the pushforward of Q-Cartier divisors onX via ϕ gives a surjective linear
map
ϕ∗ : N1(X)R  N1(Y )R
such that ϕ∗ ◦ ϕ∗ = idN1(Y )R . See [Ara05, Definition 3.1].
Remark 3.3. Here is an explanation of this fact. The varieties X and Y
have only terminal singularities by Notation 3.1. In particular, X and Y
are normal by definition. Thus the indeterminacy locus of ϕ in X and the
singular loci in X and Y have codimension at least two. In addition, the map
ϕ is surjective in codimension one by Notation 3.1. Therefore, we can choose
algebraic sets Z ⊂ X and Z ′ ⊂ Y with codimX(Z) ≥ 2 and codimY (Z ′) ≥ 2
such that U := X \ Z and V := Y \ Z ′ are non-singular and such that
ϕ|U : U → V is a proper morphism. Now [Har77, Ch. II, Proposition 6.5]
yields that
Cl(X)∼=Cl(U)∼=CaCl(U) and Cl(Y )∼=Cl(V )∼=CaCl(V ),
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where Cl(.) denotes the group of Weil divisors modulo linear equivalence,
and CaCl(.) denotes the group of Cartier divisors modulo linear equivalence
on X, Y, U or V, respectively. Moreover, X and Y are Q-factorial. This
yields that the maps (ϕ|U )∗ and (ϕ|U )∗ extend to the injective linear map
ϕ∗ and to the surjective linear map ϕ∗ of Fact 3.2.
Remark 3.4. The condition codimY (Z ′) ≥ 2 is not necessary for the defi-
nition of the pushforward, but we lose the surjectivity of the map if we drop
this requirement. Here is why. If codimY (Z ′) = 1, then we still have a short
exact sequence
0→ Z→ Cl(Y )→ Cl(V )→ 0.
The second map is defined by the assignment 1 7→ 1 · Z ′ and the third map




ki · (Wi ∩ V ), where we ignore
those Wi ∩ V which are empty. See [Har77, Ch. II, Proposition 6.5]. This
sequence is split since taking closure in Y and intersecting with V afterwards
gives the identity map on Cl(V ). Hence Cl(Y )∼=Cl(V )⊕(Z ·Z ′). This shows
that Z ′ is not contained in the image of ϕ∗.
Definition 3.5 (Numerical pullback and pushforward). Let
ϕ∗1 : N1(Y )R ↪→ N1(X)R
be the dual linear map of the pushforward ϕ∗ : N1(X)R  N1(Y )R of
R-divisors on X and let
ϕ∗1 : N1(X)R  N1(Y )R
be the dual linear map of the pullback ϕ∗ : N1(Y )R ↪→ N1(X)R of R-
divisors on Y . We call ϕ∗1 the numerical pullback via ϕ and ϕ∗1 the numerical
pushforward via ϕ.
Remark 3.6. We can drop the assumption that ϕ is surjective in codimen-
sion one if we require that ϕ is a proper morphism of complete varieties or
projective schemes.
Remark 3.7. Every class γ ∈ N1(Y )R can be considered as a linear map
γ : N1(Y )R → R, ∆ 7→ γ ·∆.
Therefore, the class ϕ∗1(γ) ∈ N1(X)R can be considered as the composition
γ ◦ ϕ∗ : N1(X)R → R, ∆′ 7→ γ · ϕ∗(∆′).
In the same way ϕ∗1(γ′) ∈ N1(Y )R can be considered as the map
γ′ ◦ ϕ∗ : N1(Y )R → R, ∆˜ 7→ γ′ · ϕ∗(∆˜)
for every γ′ ∈ N1(X)R. This yields the following two statements.
Lemma 3.8 (Projection formula). Let ϕ : X 99K Y be a birational map
of Q-factorial projective varieties with only terminal singularities which is
surjective in codimension one.
(i) If γ ∈ N1(Y )R and ∆ ∈ N1(X)R, then ϕ∗1(γ) ·∆ = γ · ϕ∗(∆).
(ii) If γ ∈ N1(X)R and ∆ ∈ N1(Y )R, then γ · ϕ∗(∆) = ϕ∗1(γ) ·∆. 
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Lemma 3.9 ([Ara05, Remark 3.2]). The composition ϕ∗1◦ϕ∗1 is the identity
map on N1(Y )R and the numerical pullback via ϕ satisfies the following.
(i) If ∆ ∈ N1(Y )R and γ ∈ N1(Y )R, then ϕ∗(∆) · ϕ∗1(γ) = ∆ · γ.
(ii) If ∆ ∈ kerϕ∗ and γ ∈ imϕ∗1, then ∆ · γ = 0. 
Remark 3.10. The numerical pullback via a birational map is defined in
an abstract way and should be handled carefully. It is possible to take the
numerical pullback of a class of a curve which is entirely contained in the
indeterminacy locus of the map. Thus, a priori, it is not clear what we will
have to expect in such a situation. In section 4.2 we will see an example where
the numerical pullback of an effective 1-cycle class is no longer effective. The
same holds for the numerical pushforward via a birational map.
Now the question arises if there are other more geometrical definitions for
the pushforward und pullback of cycles which coincide with these numerical
definitions for 1-cycle classes.
In [Ful98] Fulton gives several definitions for the pullback of cycles depend-
ing on the properties of the used morphism and varieties. We will not en-
large upon this now, but we will give a nice definition of the pushforward of
cycles via a proper morphism. For a detailed treatment see [Ful98, Chap-
ter 1 and 2].
Proposition and Definition 3.11 (Pushforward of cycles). Let f : X → Y
be a proper morphism of complete varieties or projective schemes and let
V be any subvariety of X. The image W = f(V ) is a closed subvariety
of Y and there exists an induced imbedding of the function field K(W )
of W in the function field K(V ) of V , which is a finite field extension if
dimC(W ) = dimC(V ). Set
deg(V/W ) :=
{
[K(V ) : K(W )] , if dimC(W ) = dimC(V )
0 , if dimC(W ) < dimC(V )
and
f∗([V ]) := deg(V/W ) · [W ],
where [V ] and [W ] denote the rational equivalence classes of V and W . 
Corollary 3.12. Let f : X → Y be a proper birational morphism
of Q-factorial projective varieties with only terminal singularities. Then
f∗1(α) = f∗(α), for all 1-cyles α ∈ N1(X)R.
Proof. Let D be an arbitrary Cartier divisor on Y . Then
f∗(D) · α = D · f∗(α)
by [Ful98, Proposition 2.5]. Thus Lemma 3.8 yields D · f∗(α) = D · f∗1(α)
and hence the claim. 
If we are dealing with a proper morphism, we may use both concepts. The
pushforward of cycles applies to geometric deliberations and the numerical
pushforward is a good choice for abstract computations.
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3.2. Numerical pullback of movable extremal classes
Finally, we want to propose a method to compute extremal rays of the moving
cone of a Q-factorial projective variety. It is based on ideas of Carolina
Araujo. In [Ara05] she takes numerical pullbacks of curves lying in general
fibres of Mori fibre spaces obtained by running the minimal model program.
We want to run the minimal model program and take the numerical pullback
of extremal rays of the moving cones of birational models, successively. This
will be very useful for the computation of some examples.
Therefore, we show a correspondence between the extremal rays of the mov-
able cone of a Q-factorial projective variety and extremal rays of the movable
cone of a birational model obtained by a divisorial contraction or a flip.
Theorem 3.13. Let X be a Q-factorial projective variety with only terminal
singularities and ϕ : X → Y a divisorial contraction of an extremal ray of
NE(X). Then the following holds.
(i) A class γ ∈ N1(Y )R is an extremal class of NM(Y ) if and only if the
class ϕ∗1(γ) ∈ N1(X)R is an extremal class of NM(X).
(ii) Let γ ∈ NM(X) be a movable class such that
ϕ∗1(ϕ∗1(γ)) = γ + εη
for some ε ∈ R, η ∈ kerϕ∗1 and such that γ + εη ∈ N1(X)R is an
extremal class of NM(X). Then ϕ∗1(γ + εη) = ϕ∗1(γ) ∈ N1(Y )R is an
extremal class of NM(Y ).
Proof. Step 1 of (i). Let γ ∈ N1(Y )R be an extremal class of NM(Y ). We
want to prove that ϕ∗1(γ) ∈ N1(X)R is an extremal class of NM(X).
Let ∆ ∈ Eff(X) be a effective divisor class on X. The projection formula,
Lemma 3.8, gives
ϕ∗1(γ) ·∆ = γ · ϕ∗(∆).
Since ϕ∗(∆) is again effective and γ ∈ NM(Y ), Theorem 1.12 implies that
ϕ∗1(γ) ·∆ ≥ 0 and hence ϕ∗1(γ) ∈ NM(X).
Now let ν, ω ∈ NM(X) be arbitrary classes with ν + ω ∈ R+ϕ∗1(γ) and let Ξ
be the class of the exceptional divisor ExcX(ϕ) ⊂ X, which is contracted by
ϕ. Thanks to Lemma 3.9 (ii), we have
0 = ϕ∗1(γ) · Ξ = λ(ν + ω) · Ξ
for a suitable λ ∈ R+. Thus ν · Ξ = −ω · Ξ, and Theorem 1.12 yields that
0 ≤ ν · Ξ = −ω · Ξ ≤ 0⇒ ν · Ξ = 0 = ω · Ξ
since Ξ is effective. This implies
(3.a) ν = ϕ∗1(ϕ∗1(ν)) and ω = ϕ
∗
1(ϕ∗1(ω)).
Now let ∆′ ∈ Eff(Y ) be an effective divisor class on Y . The pullback ϕ∗(∆′)
of ∆′ is again effective. Together, Lemma 3.8 and Theorem 1.12 give that
ϕ∗1(ν) ·∆′ = ν · ϕ∗(∆′) ≥ 0 and ϕ∗1(ω) ·∆′ = ω · ϕ∗(∆′) ≥ 0.
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Hence ϕ∗1(ν), ϕ∗1(ω) ∈ NM(Y ).
If ∆ˆ ∈ N1(Y )R is a divisor class on Y , then we find
(ϕ∗1(ν) + ϕ∗1(ω)) · ∆ˆ = ϕ∗1(ν + ω) · ∆ˆ by linearity
= (ν + ω) · ϕ∗(∆ˆ) by Lemma 3.8
= λϕ∗1(γ) · ϕ
∗(∆ˆ) by assumption
= λγ · ∆ˆ by Lemma 3.9 (i).
Hence the class (ϕ∗1(ν) + ϕ∗1(ω)) lies on the ray R+γ. Since γ ∈ NM(Y ) is
an extremal class, the classes ϕ∗1(ν) and ϕ∗1(ω) are forced to lie on R+γ,
too. Now, for suitable µ, µ′ ∈ R+ and ∆˜ ∈ N1(X)R an arbitrary divisor
class on X, the following holds:
ϕ∗1(γ) · ∆˜ = γ · ϕ∗(∆˜) by Lemma 3.8
= µ · ϕ∗1(ν) · ϕ∗(∆˜)
= µ · ϕ∗1(ϕ∗1(ν)) · ∆˜ by Lemma3.8
= µ · ν · ∆˜ by (3.a).
Exactly the same computation holds if we replace ν by ω and µ by µ′. This
implies that ν and ω lie on R+ϕ∗1(γ). So, ϕ∗1(γ) ∈ NM(X) is an extremal
class.
Step 2 of (i). Now let ϕ∗1(γ) ∈ NM(X) be an extremal class for some class
γ ∈ N1(Y )R. We want to prove that γ ∈ N1(Y )R is an extremal class of
NM(Y ).
Let ∆ ∈ Eff(Y ) be an effective divisor class on Y . Together, Lemma 3.9 (ii)
and Theorem 1.12 give that
γ ·∆ = ϕ∗1(γ) · ϕ
∗(∆) ≥ 0
since ϕ∗(∆) ∈ N1(X)R is effective. Thus γ ∈ NM(Y ) by Theorem 1.12.
We choose arbitrary classes ν, ω ∈ NM(Y ) such that ν + ω ∈ R+γ. If
∆′ ∈ Eff(X) is an effective divisor class on X, then ϕ∗(∆′) ∈ N1(Y )R is
effective, too. As before, the projection formula and Theorem 1.12 guarantee
that
ϕ∗1(ν) ·∆
′ = ν · ϕ∗(∆′) ≥ 0 and ϕ∗1(ω) ·∆′ = ω · ϕ∗(∆′) ≥ 0.
This implies that ϕ∗1(ν) and ϕ∗1(ω) are contained in NM(X).
Now choose an arbitrary divisor class ∆ˆ ∈ N1(X)R and a suitable λ ∈ R+
such that ν + ω = λγ. Then the following holds.
(ϕ∗1(ν) + ϕ
∗
1(ω)) · ∆ˆ = ϕ
∗
1(ν + ω) · ∆ˆ by linearity
= (ν + ω) · ϕ∗(∆ˆ) by Lemma 3.8
= λγ · ϕ∗(∆ˆ) by assumption
= λϕ∗1(γ) · ∆ˆ by Lemma 3.8.
30 3. NUMERICAL PULLBACK AND PUSHFORWARD
We find that (ϕ∗1(ν) + ϕ∗1(ω)) lies on the ray R+ϕ∗1(γ), and, by assumption,
ϕ∗1(γ) is an extremal class of NM(X). This yields that ϕ∗1(ν) and ϕ∗1(ω) lie
on the ray R+ϕ∗1(γ) as well, and enables us to conclude the proof.
Let ∆˜ ∈ N1(Y )R be an arbitrary divisor class. The following computation
holds for suitable µ, µ′ ∈ R+.
ν · ∆˜ = ϕ∗1(ν) · ϕ
∗(∆˜) by Lemma 3.9 (i)
= µ · ϕ∗1(γ) · ϕ∗(∆˜)
= µ · γ · ∆˜ by Lemma 3.9 (i).
This computation holds if we replace ν by ω and µ by µ′. Hence ν and ω lie
on the ray R+γ, and γ ∈ NM(Y ) is an extremal class. (i)
Proof of (ii). Let γ ∈ NM(X) be a movable class such that
ϕ∗1(ϕ∗1(γ)) = γ + εη
for some ε ∈ R, η ∈ kerϕ∗1 and such that γ + εη ∈ N1(X)R is an extremal
class of NM(X). We want to show that ϕ∗1(γ+ εη) = ϕ∗1(γ) is an extremal
class of NM(Y ). This is an immediate consequence of (i). By assumption,
the class ϕ∗1(ϕ∗1(γ)) is an extremal class of NM(X) and thus (i) yields that
ϕ∗1(γ) is an extremal class of NM(Y ). 
Proposition 3.14. Let X and X+ be Q-factorial projective varieties with
only terminal singularities and φ : X 99K X+ be the flip of a small contrac-
tion ϕ : X → Y of an extremal ray of NE(X). Then φ∗1 ◦ φ∗1 = idN1(X)R . In
particular, φ∗1 is an isomorphism with inverse φ∗1 and the following holds.
(i) A class γ ∈ N1(X+)R is an extremal class of NM(X+) if and only if
the class φ∗1(γ) ∈ N1(X)R is an extremal class of NM(X).
(ii) A class γ ∈ N1(X)R is an extremal class of NM(X) if and only if the
class φ∗1(γ) ∈ N1(X+)R is an extremal class of NM(X+).
Proof. Let γ ∈ N1(X)R be an arbitray class of a 1-cycle and let ∆ ∈ N1(X)R
be an arbitrary divisor class. By definition, we have
φ∗1(φ∗1(γ)) ·∆ = φ∗1(γ) · φ∗(∆) = γ · φ
∗(φ∗(∆)).
Since φ is the flip of a small contraction, it is an isomorphism in codimension
one, and we find that φ∗(φ∗(∆)) = ∆. Hence φ∗1 ◦ φ∗1 = idN1(X)R and φ∗1 is
an isomorphism with inverse map φ∗1.
Now one proves statement (i) and (ii) in exactly the same way as in the proof
of Theorem 3.13. 
Remark 3.15. Recall Remark 3.10, which states that φ∗1 is not an isomor-




In this chapter we will more or less adapt the methods used in chapter 2
to gain some information about the moving cone of a higher dimensional
variety. The situation is more complicated than for dimension two since
we lose the duality to the Mori cone. Therefore, we cannot just dualize a
general structure statement since there is none for the pseudoeffective cone.
In addition, it seems that there is no direct way to prove a general structure
theorem for the moving cone by applying the ideas used in the proof of Mori’s
Cone Theorem 1.15.
Nevertheless, the situation is much better for Fano varieties. As mentioned
before in the introduction and in chapter 1, C. Birkar, P. Cascini, C. Hacon
and J. McKernan have published the paper [BCHM06] on the arXiv in
2006. As a consequence of their main theorem they achieve in [BCHM06,
Corollary 1.3.4] a generalization of Theorem 5 for Fano varieties. They prove
that the cone of nef curves, that is, the dual cone of the pseudoeffective cone,
of a Q-factorial Fano variety with klt singularities is polyhedral, but see
Corollary 6. A detailed treatment of singularities can be found in [Cor07].
However, there is a large machinery involved in [BCHM06]. We will treat
the subject from a different point of view. Instead of describing the cone in
terms of extremal rays, we will give a characterization by linear equations.
We will explicitely indicate finitely many linear equations which cut out
the moving cone of a smooth Fano variety of dimension three or four. The
methods that we will use for the proof will give a detailed geometric insight.
The proof of the threefold case is the topic of the following section.
4.1. The moving cone of a smooth Fano threefold
We want to adapt the idea of the proof of Proposition 2.7 for the higher
dimensional situation. There we have just used the duality of the moving
cone and the Mori cone which is given for surfaces by Theorem 1.12. The
result was that the moving cone is precisely the set of classes which have non-
negative intersection with the extremal rays of the Mori cone. Another point
of view is that the moving cone is the set of classes which have non-negative
intersection with the exceptional divisors of the extremal contractions.
Unfortunately, the situation is not that easy in higher dimensions since the
extremal contractions are not just divisorial, but this idea will yield the
following statements.
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Theorem 4.1. Let X be a smooth Fano n-fold such that every extremal con-
traction of a KX-negative extremal ray is a divisorial or a fibre contraction.
Let ϕi : X → Xi, i = 1, ..., k, be the divisorial contractions with exceptional
divisors Ei ⊂ X, which correspond to some extremal rays R+[ri], i = 1, ..., k,
of the Mori cone NE(X) of X. Then
NM(X) =
{
γ ∈ NE(X) | γ ·[Ei] ≥ 0, for all i = 1, ..., k
}
.
In particular, NM(X) is a closed, convex, polyhedral cone in N1(X)R.
Corollary 4.2. Let X be a smooth Fano threefold and let ϕi : X → Xi,
i = 1, ..., k, be the divisorial contractions with exceptional divisors Ei ⊂ X,
which correspond to some extremal rays R+[ri], i = 1, ..., k, of the Mori cone
NE(X) of X. Then
NM(X) =
{
γ ∈ NE(X) | γ ·[Ei] ≥ 0, for all i = 1, ..., k
}
.
In particular, NM(X) is a closed, convex, polyhedral cone in N1(X)R.
The following statement will be the technical basis for the proof of Theo-
rem 4.1.
Proposition 4.3. Let X be a smooth Fano n-fold such that every extremal
contraction of a KX-negative extremal ray is a divisorial or a fibre contrac-
tion. Let ϕi : X → Xi, i = 1, ..., k, be the divisorial contractions, which
correspond to some KX-negative extremal rays R+[ri], i = 1, ..., k, of the
Mori cone NE(X) of X. If γ ∈ NE(X) is a class with γ ·[ExcX(ϕi)] ≥ 0 for
all i = 1, ..., k, then γ ·[D] ≥ 0 for all irreducible divisors D ⊂ X.
Proof. By Theorem 1.15, NE(X) is a convex, polyhedral cone spanned by
finitely many extremal rays R+[ri], i = 1, ...,m. Theorem 1.19 guarantees
the existence of an extremal contraction
ϕi : X → Xi
for every extremal class [ri] of NE(X), contracting exactly R+[ri]; in other
words, contracting all curves c ⊂ X which are numerically proportional to
ri. By assumption, these contractions are either divisorial or of fibre type.
Assume that ϕi is divisorial for i = 1, ..., k ≤ m and let Ei := ExcX(ϕi) ⊂ X
denote the exceptional divisor which is contracted by ϕi, for i = 1, ..., k. The
divisors Ei are irreducible by [Mat02, Proposition 8-2-1].
Now let γ ∈ NE(X) be an arbitrary class with
(4.a) γ ·[Ei] ≥ 0 for all i = 1, ..., k
and [D] ∈ Eff(X) be the class of an arbitrary irreducible divisor on X.
Because of (4.a), we can assume that D 6= Ei for all i = 1, ..., k. Since
NE(X) is polyhedral, we find an effective linear combination of the extremal




ai[ri], ai ≥ 0.
Therefore, to conclude the proof, it is sufficient to show that D · ri ≥ 0 for
all i = 1, ...,m. So let i ∈ {1, ...,m}.
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Case 1: The contraction ϕi, corresponding to the extremal class [ri], is of
fibre type. The divisor D cannot contain all fibres of ϕj . Hence
there has to be a fibre F which intersects D properly or F ∩D = ∅.
Since all curves lying in fibres of ϕj are numerically proportional,
we can take a curve c ∈ F and obtain 0 ≤ λc ·D = rj ·D, for a
suitable λ ∈ Q+.
Case 2: The contraction ϕi, corresponding to the extremal class [ri], is di-
visorial. If D ∩ Ei = ∅, we have ri ·D = 0, since ri is contained in
Ei. If D ∩ Ei 6= ∅, choose a curve r′ ⊂ Ei such that r′ is not con-
tained in D and r′ ≡num λri for a suitable λ > 0. This is possible
since D 6= Ei and Ei is the unique irreducible divisor containing all
curves c ⊂ X which are numerically proportional to ri. We obtain
that 0 ≤ r′ ·D = λri ·D.
This concludes the proof. 
Proof of Theorem 4.1 and Corollary 4.2. We want to prove that
NM(X) =
{
γ ∈ NE(X) | γ ·[Ei] ≥ 0, for all i = 1, ..., k
}
=:M.
Let γ ∈ NM(X). We have already seen in the proof of Theorem 1.12 that
γ ·[Ei] ≥ 0 for all i = 1, . . . ,m since the exceptional divisors Ei are irre-
ducible. Thus NM(X) ⊆ M . Proposition 4.3 and Theorem 1.12 give the
inclusion NM(X) ⊇M and hence NM(X) =M .
Note that the assumptions of Proposition 4.3 are fulfilled if X is a smooth













Figure 1. The moving cone NM(X) is cut out by the hy-
perplanes E⊥i = {γ ∈ N1(X)R | γ · Ei = 0}, i = 1, 2, 3.
The existence of small contractions makes the situation much more compli-
cated. Fortunately, the circumstances are not that bad for smooth fourfolds.
We will illustrate this now by some very useful examples. Later we will give
some precise statements, due to Yujiro Kawamata, which will enable us to
prove that the moving cone of a smooth fourfold is polyhedral.
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4.2. Smooth fourfolds
4.2.1. Some useful examples. The next lemma describes the be-
haviour of the exceptional divisor and the canonical divisor of a smooth
blow up; it will be useful for the following examples.
Lemma 4.4 (See [Deb01, 6.15]). Let Y be a smooth projective variety, let
Z be a smooth subvariety of Y of codimension c and let pi : X → Y be the
blow up of Y in Z with exceptional divisor E. Then we have
(i) KX = pi∗(KY ) + (c− 1)E,
(ii) any fibre F of pi|E : E → Z is isomorphic to Pc−1 and OX(E)|F is
isomorphic to OF (−1),
(iii) if η is the class of a line contained in F , then KX · η = −(c− 1) and η
spans a KX-negative extremal ray of NE(X) whose extremal contraction
is pi. 
Example 4.5. Let µ : X → Pn, n ≥ 3, be the blow up of Pn in a line
l. The exceptional divisor E of the blow up is a Pn−2-bundle µ|E : E → l
over l. Choosing local coordinates, one computes easily that the normal
bundle Nl/X of l in X is isomorphic to Ol(1)⊕(n−1). Thus E = P(Nl/X) is
isomorphic to P1 × Pn−2.
The variety X has Picard number ρ(X) = 2 and Lemma 4.4 yields that
[KX ] = −(n+ 1)Γ + (n− 2)[E],
where Γ := [µ∗(H)] is the class of the pullback of a hyperplane H in Pn.
Denote by γ := µ∗1([g]) the numerical pullback of the class of a line g in Pn
and let η := [f ] be the class of a line f which is contained in a fibre F of
µ|E .
The Néron-Severi spaces are spanned by these classes:
N1(X)R = 〈Γ, [E]〉R and N1(X)R = 〈γ, η〉R.




Since ρ(X) = 2, the cones NE(X) and NM(X) are both spanned by two
extremal rays.
We will show that NM(X) = 〈γ, (γ−η)〉R+ and that NE(X) = 〈(γ−η), η〉R+ .
Let us start with NM(X) and let ν = sγ + tη, s, t ∈ R, be a movable class.
The class of the strict transform H¯ of a hyperplane H ′ in Pn which contains
the line l is given by [H¯] = Γ− [E].
Theorem 1.12 yields that 0 ≤ [H¯] · ν = s + t, 0 ≤ [E] · ν = −t. Hence
NM(X) ⊂ 〈γ, (γ − η)〉R+ . The class γ − η is given by the strict transform of
a line in Pn which meets the line l in one point; thus γ − η is movable. We
obtain that NM(X) = 〈γ, (γ − η)〉R+ .
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Now let λ be the class of an irreducible curve c in X. We have λ = aγ + bη
for suitable a, b ∈ R. Since µ∗(H) is nef, we have a = Γ · λ ≥ 0. If c does not
meet the exceptional divisor E, then clearly λ ∼num γ and b = 0.
Now assume that c meets E and that c is not contained E. Let H˜ be a
hyperplane in Pn which contains l and meets µ∗(c) properly. This is possible
since l is the complete intersection of n− 1 hyperplanes in Pn and µ∗(c) 6= l.
The class of the strict transform of H˜ under µ is given by Γ− [E]. Note that
the curve c is not contained in the strict transform of H˜. Therefore,
0 ≤ λ ·(Γ− [E]) = (aγ + bη) ·(Γ− [E]) = a+ b⇒ −b ≤ a.
Finally, assume that c is contained in E. If c is contained in a fibre F of µ|E ,
then Lemma 4.4 yields that λ ∼num η.
Otherwise c is numerically proportional to a line l′ in E∼=P1 × Pn−2 which
is not contracted by µ.
Let H ′′ be a hyperplane in Pn which meets the line l transversaly in one
point. The pullback of H ′′ intersects E in the fibre of µ|E which lies over
the intersection point of H ′′ and l. Therefore, [l′] · Γ = 1 since l′ intersects
each fibre F of µ|E transversaly in one point.
The only thing left is to compute the number l′ ·E. A short computation in
local coordinates shows that the restriction of the line bundle OX(E) to l′
is the trivial bundle on l′. Hence l′ ·E = deg(OX(E)|l′) = 0 and [l′] = γ.
All this implies that







Figure 2. NE(X) is given by the area inbetween η and γ−η.
The hatched area is a sketch of NM(X).
Construction 4.6 (See [Deb01, 6.19]). Let g′′ ⊂ P4 be a smooth line and
let S′′ ⊂ P4 be a smooth surface in P4 such that g′′ meets S′′ transversaly in
a point p = g′′ ∩ S′′. Let
µ1 : X ′ → P4
be the blow up of P4 in g′′ with exceptional divisor E′1.







Figure 3. Sketch of the blow up µ1 : X ′ → P4 of P4 in the
line g′′.
By the universal property of the blow up, the strict transform S′ of S′′ is
isomorphic to the blow up Blp(S′′) of S′′ in the point p. The divisor E′1 is
a P2-bundle µ1|E′1 : E′1 → g′′ over g′′. Denote by P ′ ⊂ E′1 the fibre of µ1|′E1
over the point p and let e′1 be a line in a fibre F ′ 6= P ′ of µ1|E′1 . Now let
µ2 : X → X ′










Figure 4. Sketch of the blow up µ2 : X → X ′ of X ′ in the
surface S′.
The exceptional divisor E2 of the blow up is a P1-bundle µ2|E2 : E2 → S′
over S′. We fix the following notation. Denote by P the strict transform of
P ′, by E1 := µ∗2(E′1) the pullback of E′1 and by Γ := [µ∗2(µ∗1(H ′′))] the class
of the pullback of the hyperplane divisor H ′′ of P4.
X E1 X E2
Figure 5. Sketch of the classes [E1] and [E2].
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Fact: Note that P is isomorphic to P2 and that NP/X ∼=OP2(−1)⊕OP2(−1),
where NP/X denotes the normal bundle of P in X.
Furthermore, let γ := (µ2)∗1((µ1)∗1([l′′])) be the numerical pullback of the
class of a line l′′ in P4, let η1 := (µ2)∗1([e′1]) be the numerical pullback of the





Figure 6. Sketch of the classes η1 and η2.
The variety X has Picard number ρ(X) = 3 and N1(X)R = 〈Γ, [E1], [E2]〉R,
N1(X)R = 〈γ, η1, η2〉R.
By Lemma 4.4, we have
[KX ] = −5Γ + 2[E1] + [E2].
The intersection numbers on X are given in the following table.
· Γ [E1] [E2]
γ 1 0 0
η1 0 −1 0
η2 0 0 −1
Construction 4.7. Let X be as in Construction 4.6 and let
µ3 : X˜ → X











Figure 7. Sketch of the blow up µ3 : X˜ → X of X in the
surface P .
The exceptional divisor E˜3 is a P1-bundle µ3|E˜3 : E˜3 → P over P and actually
isomorphic to P2 × P1. Moreover, the normal bundle N
E˜3/X˜
of E˜3 in X˜ is
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isomorphic to pr∗1(OP2(−1))⊕ pr∗2(OP1(−1)), where pr1 and pr2 denote the
projections onto the first and the second factor of P2 × P1, respectively.
Denote by Γ˜ := µ∗3(Γ), E˜1 := µ∗3(E1) and E˜2 := µ∗(E2) the pullbacks of Γ,














η˜1 − η˜2 + η˜3
Figure 9. Sketch of the classes η˜1, η˜2, η˜3 and η˜1 − η˜2 + η˜3.
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Besides, let γ˜ := (µ3)∗1(γ), η˜1 := (µ3)∗1(η1) and η˜2 := (µ3)∗1(η2) be the
numerical pullbacks of γ, η1 and η2, respectively. Finally, let η˜3 be the
class of a fibre of µ3|E˜3 .
The variety X˜ has Picard number ρ(X˜) = 4 and
N1(X˜)R = 〈Γ˜, [E˜1], [E˜2], [E˜3]〉R, N1(X˜)R = 〈γ˜, η˜1, η˜2, η˜3〉R.
Lemma 4.4 yields that
[K
X˜
] = −5Γ˜ + 2[E˜1] + [E˜2] + [E˜3].
The intersection numbers on X˜ are given in the following table.
· Γ˜ [E˜1] [E˜2] [E˜3]
γ˜ 1 0 0 0
η˜1 0 −1 0 0
η˜2 0 0 −1 0
η˜3 0 0 0 −1
In the following examples we will compute the cones
NE(X), NE(X˜), Eff(X), Eff(X˜), NM(X) and NM(X˜).
Example 4.8 (See Construction 4.6 and 4.7). We will show that
NE(X) = 〈(γ − η1 − η2), (η1 − η2), η2〉R+ and that
NE(X˜) = 〈(γ˜ − η˜1 − η˜2), (η˜1 − η˜2 + η˜3), (η˜2 − η˜3), η˜3〉R+ first.
Let c be an irreducible curve in X which is not contained in E1 or E2.
Furthermore, let c˜ be an irreducible curve in X˜ which is not contained in
E˜1, E˜2 or E˜3.
We set α := Γ ·[c], α˜ := Γ˜ ·[c˜], β := [E1] ·[c], β˜ := [E˜1] ·[c˜], γ := [E2] ·[c],
γ˜ := [E˜2] ·[c˜] and δ˜ := [E˜3] ·[c˜].
A short computation shows that
[c] =α(γ − η1 − η2) + (α− β)(η1 − η2) + (2α− β − γ)η2,(4.b)
[c˜] =α˜(γ˜ − η˜1 − η˜2) + (α˜− β˜)(η˜1 − η˜2 + η˜3)(4.c)
+ (2α˜− β˜ − γ˜)(η˜2 − η˜3) + (α˜− γ˜ − δ˜)η˜3.
To prove our claim, we have to show that all coefficients in (4.b) and (4.c)
are non-negative and that all classes in (4.b) and (4.c) are represented by
rational curves. Then we will investigate curves which are contained in one
of the exceptional divisors.
The intersection numbers α and α˜ are non-negative since Γ and Γ˜ are nef.
The other intersection numbers are non-negative since c is not contained in
any Ei and c˜ is not contained in any E˜i by assumption. Denote by c′′ the
image (µ1)∗((µ2)∗(c)) of c in P4. The line g′′ is the complete intersection
of three hyperplanes in P4. Since c′′ 6= g′′, there exists a hyperplane Hˆ
containing g′′ which meets c′′ properly. Note that the curve c is not contained
in the strict transform of Hˆ under µ1 ◦µ2, which has the class Γ− [E1]. Thus
0 ≤ [c] ·(Γ− [E1]) = α− β ⇒ β ≤ α.
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An analogous argumentation shows that α ≥ γ and that α˜ ≥ β˜, γ˜, γ˜ + δ˜.
Hence all the coefficients in (4.b) and (4.c) are non-negative.
Now assume that c is contained in E1. If c is contracted by µ1 ◦ µ2, then
c′ := (µ2)∗(c) is contained in a fibre F of µ1|E1 . If F 6= P ′ then c ∼num η1,
otherwise c ∼num (η1 − η2).
If c is not contracted by µ1 ◦ µ2, then c′ is an effective curve in the blow up
of P4 in the line g′′. Therefore, [c′] = α′(µ1)∗1([l′′]) − β′[e′1] with α′ ≥ β′, by
Example 4.5.
This implies that [c] = α′γ−β′η1−γ′η2 for some γ′ ∈ R. Since c is contained
in E1, it is not contained in E2. Now we take a hyperplane H¯ in P4 which
containes S′′ and intersects c′′ := (µ1)∗((µ2)∗(c)) properly. Then the curve c
is not contained in the strict transform of H¯ under µ1 ◦ µ2, which has class
Γ− [E2]. Thus
0 ≤ [c] ·(Γ− [E2]) = (α′γ − β′η1 − γ′η2) ·(Γ− [E2]) = α′ − γ′ ⇒ γ′ ≤ α′.
If c is contained in E2, then exactly the same argumentation shows that
[c′] = α′γ − β′η1 − γ′η2, where α′ ≥ β′, γ′.
Finally, the class γ − η1 − η2 is represented by the strict transform of a
line in P4 which meets g′′ in a point p′ and S′′ in a point p′′ such that
p 6= p′′ 6= p′ 6= p. The class η1 − η2 is represented by a line in P . In
particular, the extremal contraction, ϕ say, of the ray R+(η1 − η2) is small.
A completely analogous argumentation applies to the computation of
NE(X˜). It remains to compute the class of a curve c˜ which is contained
in E˜3. If c˜ is contracted by µ3, then c˜ ∼num η˜3. Otherwise, (µ3)∗(c˜) is a
curve in P and hence [c˜] = α′′η˜1 − α′′η˜2 + β′′η˜3 for a suitable β′′ ∈ R and
α′′ ≥ 0. The strict transform of E1 under µ3 is given by the class E˜1 − E˜3.
We can assume that c˜ is not contained in E˜1−E˜3 and hence c˜ ·(E˜1−E˜3) ≥ 0.
This implies that
0 ≤ c˜ ·(E˜1 − E˜3) = −α′′ + β′′ ⇒ β′′ ≥ α′′ ≥ 0.
The class (γ˜ − η˜1 − η˜2) is given by the strict transform of a curve with class
(γ − η1 − η2) ∈ NE(X).
The class (η˜2 − η˜3) is represented by a line e˜3 in E˜2 such that µ3(e˜3) is a
fibre of µ2 which lies over a point in P ′.
Denote by pi1 the projection E˜3
∼−→ P2×P1 pr1−−→ P2 and by pi2 the projection
E˜3
∼−→ P2×P1 pr2−−→ P1. The class (η˜1− η˜2+ η˜3) is given by a line in E˜3 which
is mapped to a line in P2 by pi1 and which is mapped to a point by pi2.
The extremal contraction µ+3 of the ray R+(η˜1 − η˜2 + η˜3) is divisorial with














and the birational map φ = µ+3 ◦ µ−13 is the flip of the small contraction ϕ.














Figure 10. Sketch of the flip φ.

















and η+3 := (µ
+




2 − η+1 .
The variety X+ has Picard number ρ(X) = 3 and
N1(X+)R = 〈Γ+, [E+1 ], [E+2 ]〉R, N1(X)R = 〈γ+, η+1 , η+2 〉R.
By Lemma 4.4 we have
[KX+ ] = −5Γ+ + 2[E+1 ] + [E+2 ].
The intersection numbers on X are given in the following table.
· Γ+ [E+1 ] [E
+
2 ]
γ+ 1 0 0
η+1 0 −1 0
η+2 0 0 −1
The surjectivity of (µ+3 )∗1 yields that
NE(X+) = 〈(γ+ − η+1 − η+2 ), η+1 , (η+2 − η+1 )〉R+
and a short computation shows that
φ∗1(γ) = γ+, φ∗1(η1) = η+1 , φ∗1(η2) = η
+
2 .


















2 − η+1 .
The class η+2 − η+1 is KX+-positive. The other extremal rays of NE(X+) are
KX+-negative.
Example 4.9 (See Construction 4.6 and 4.7). We will show that
Eff(X) = 〈(Γ− [E1]− [E2]), [E1], [E2]〉R+ and that
Eff(X˜) = 〈(Γ˜− [E˜1]− [E˜2]− [E˜3]), ([E˜1]− [E˜3]), [E˜2], [E˜3]〉R+ .
With this knowledge Theorem 1.12 enables us to compute
NM(X) = 〈γ, (γ − η1), (γ − η2)〉R+ and
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γ − η1 − η2




Figure 12. The hatched area is a sketch of a cross-section
of NM(X) inside NE(X).
Thus Proposition 3.14 and the previous example show that
NM(X+) = 〈γ+, (γ+ − η+1 ), (γ+ − η+2 )〉R+ .
Note that a cross-section through NE(X+) looks very similar to Figure 12,
but the hyperplanes [E+1 ]
⊥ and [E+2 ]
⊥ are swapped.
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γ+ − η+1 − η+2




Figure 13. The hatched area is a sketch of a cross-section
of NM(X+) inside NE(X+).
We will now start with the computation of Eff(X) and Eff(X˜).
Let D 6= E1, E2 be an irreducible divisor on X. We have
[D] = αΓ− β[E1]− γ[E2]
with α := [D] · γ, β := [D] · η1, γ := [D] · η2 ∈ R+. We have seen in Ex-
ample 4.5 that the class [(µ1)∗(l′′)]− [e′1] ∈ N1(X ′)R is movable. Therefore,
Theorem 3.13 gives
α− β = (γ − η1) ·[D] = ([(µ1)∗(l′′)]− [e′1]) ·[µ2∗(D)] ≥ 0
since µ2∗(D) is effective. The class γ − η2 is given by the strict transform lˆ
of a curve in P4 which meets S′′ in one point and which does not meet g′′. It
is impossible that all of these strict transforms are contained in the support
of D. Hence
α− γ = (γ − η2) ·[D] = [lˆ] ·[D] ≥ 0.
A short computation shows that the class Γ − [E1] − [E2] is given by the
strict transform of a hyperplane in P4 which contains g′′ and S′′. The class
[E1] is given by the strict transform of E′1, hence by an irreducible divisor.
All this together yields that
Eff(X) = 〈(Γ− [E1]− [E2]), [E1], [E2]〉R+ .
Now let D˜ be an irreducible divisor on X˜ which is not equal to (E˜1− E˜3), E˜2
or E˜3. The divisor (µ3)∗(D˜) is again irreducible and hence
[(µ3)∗(D˜)] = α′Γ− β′[E1]− γ′[E2]
for suitable α′, β′, γ′ ∈ R+ with α′ ≥ β′, γ′. Therefore,
[D˜] = (µ3)∗((µ3)∗(D˜))− δ′[E3] = α′Γ− β′[E1]− γ′[E2]− δ′[E3],
for a suitable δ′ ∈ R+. The class η˜2− η˜3 is given by a line e˜3 in E˜2 such that
(µ3)∗(e˜3) is a fibre of µ2 over a point in P ′. Since D˜ 6= E˜2, we find that
γ′ − δ′ = (η˜2 − η˜3) ·[D˜] = [e˜3] ·[D˜] ≥ 0.
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Hence α′ ≥ γ′ ≥ δ′. A short computation shows that the class
Γ˜ − [E˜1] − [E˜2] − [E˜3] is given by the strict transform of a hyperplane in
P4 which contains g′′ and S′′. The class [E˜1] − [E˜3] is given by the strict
transform of E1 and the class [E˜2] is given by the strict transform of E2.
Combining these results, we achieve
Eff(X˜) = 〈(Γ˜− [E˜1]− [E˜2]− [E˜3]), ([E˜1]− [E˜3]), [E˜2], [E˜3]〉R+ .
Construction 4.10 (see [Deb01, 1.36]). Let k, j > 0 be positive integers
and let Ek,j be the vector bundle OPk ⊕ (OPk(1)⊕(j+1)) over Pk. The variety
Yk,j := P(Ek,j)
is smooth and dimC(Yk,j) = k+ j +1. Here are some more facts about Yk,j :
(i) ρ(Yk,j) = dimRN1(Yk,j)R = 2.
(ii) The projection map pik,j : Yk,j → Pk has a section corresponding to the
quotient E → OPk → 0. Let Sk,j ⊂ Yk,j be the image of this section.





Figure 14. Sketch of the variety Y2,1. Fibres of pi2,1 are
isomorphic to P2.
The Néron-Severi space of divisors N1(Yk,j)R is generated by the class Λ′ of




Figure 15. Sketch of the divisor classes Λ′ and Γ′ in Y2,1.
plane class in Pk. According to [Deb01, Example 3.16(2)], the class of the
canonical divisor is given by
[KYk,j ] = −(j + 2)Λ′ + (j − k)Γ′.
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Now let
µk,j : Xk,j → Yk,j




Figure 16. Sketch of the variety X2,1. Fibres of pi2,1 are
isomorphic to the blow up of P2 in one point.
E∼=Pj × Pk and OE(E)∼= pr∗1(OPj (−1))⊗ pr∗2(OPk(−1))
since NSk,j/Yk,j ∼=OSk,j (−1)⊕(j+1). The Néron-Severi space of divisors




Figure 17. Sketch of the divisor classes Λ, Γ and [E] in X2,1.
Following [Deb01, Example 3.16(2)], the class of the canonical divisor is
given by
[KXk,j ] = −(j + 2)Λ + (j − k)Γ + j[E].
Example 4.11 (see Construction 4.10). We want to compute NM(Yk,j) and
NM(Xk,j) by usage of Theorem 4.1 if possible. Therefore, we we will compute
NE(Yk,j) and NE(Xk,j) first. Let us start with NE(Yk,j).
Let λ′ be the class of a line in a fibre of pik,j : Yk,j → Pk and let γ′ be the
class of a line which is contained in Sk,j . The Néron-Severi space of cycles
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N1(Yk,j)R is spanned by these two classes and the intersection numbers on






Figure 18. Sketch of the classes γ′ and λ′ in Y2,1.
This yields that
NE(Yk,j) = 〈γ′, λ′〉R+ ,
since Γ′ and Λ′ are nef. The extremal contraction of the KYk,j -negative
extremal ray R+λ′ is a fibre contraction. The extremal ray R+γ′ is KYk,j -
negative for j < k. In this case there exists an extremal contraction ϕγ′ of
R+γ′. However, this contraction is small. Its exceptional locus is given by
Sk,j and has codimension j + 1 ≥ 2. So we can’t use Theorem 4.1.
We continue with NE(Xk,j). Let λ be the class of the strict transform of a
line in a fibre of pik,j : Yk,j → Pk. Furthermore, let γ be the class of a line
in E which is mapped to a line in Sk,j by µ and let η be the class of a line




Figure 19. Sketch of the classes γ, λ and η in X2,1.
is spanned by these three classes and the intersection numbers on Xk,j are
given in the following table.
4.2. SMOOTH FOURFOLDS 47
· γ λ η
Γ 1 0 0
Λ 0 1 0
[E] −1 1 −1
Now let ν = a1γ + a2λ+ a3η be the class of an irreducible curve c on Xk,j .
The classes Γ and Λ are the pullbacks of nef classes and hence nef. Therefore,
0 ≤ ν · Γ = a1 and 0 ≤ ν · Λ = a2.
It remains to show that a3 = ν ·(Λ − Γ − [E]) ≥ 0. A divisor with class
Λ − Γ − [E] is given by the strict transform of a divisor with class Λ′ − Γ′
since Sk,j is the complete intersection of j + 1 divisors with class Λ′ − Γ′.
Now assume that c is not contained in E as a first step. Then it cannot be
contained in the support of all divisors with class Λ − Γ − [E]. Otherwise
µ∗(c) would be contained in the support of all divisors with class Λ′ − Γ′
and hence in Sk,j , but this would yield that c ⊂ µ−1(µ(c)) ⊂ E. This is a
contradiction. Therefore,
0 ≤ ν ·(Λ− Γ− [E]) = a3.
Λ′ − Γ′
Figure 20. Sketch of the divisor class Λ′ − Γ′ in Y2,1.
If c is contained in E, then we have two cases. If c is contained in the support
of one and hence all divisors with class Λ−Γ−[E], then necessarily c ∼num γ;
in other words, a1 > 0 and a2 = a3 = 0. If c is not contained in the support
of all divisors with class Λ− Γ− [E], then
0 ≤ ν ·(Λ− Γ− [E]) = a3.
This implies that
NE(Xk,j) = 〈γ, λ, η〉R+
and Xk,j is Fano for all k, j > 0. The extremal contractions
µ+ : Xk,j → Y +,
µ : Xk,j → Yk,j
of the extremal rays R1 = R+γ and R3 = R+η are divisorial with exceptional
divisor ExcXk,j (µ
+) = ExcXk,j (µ) = E. The birational map
φ := µ+ ◦ µ−1 : Yk,j 99K Y +
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is the flip of the small contraction ϕγ′ and Y + is isomorphic to Yj,k. The
extremal contraction of the extremal ray R2 = R+λ is a fibre contraction
onto Pj × Pk. Cf. [Deb01, Example 1.36].
Theorem 4.1 yields that
NM(Xk,j) = {ν ∈ 〈γ, λ, η〉R+ | ν ·[E] ≥ 0}







(γ + λ) (λ+ η) +
−
E⊥
Figure 21. The hyperplane E⊥ cuts out NM(Xk,j).
A simple computation shows that µ∗1(γ′) = γ−η and µ∗1(λ′) = λ+η. Hence,
Theorem 3.13 yields that R+λ′ and R+(γ′+λ′) are extremal rays of NM(Yk,j).
Therefore,
NM(Yk,j) = 〈(γ′ + λ′), λ′〉R+
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Figure 22. The hyperplane (Λ′ − Γ′)⊥ cuts out NM(Y2,1).
We have NM(Yk,j) = {ν ∈ 〈γ′, λ′〉R+ | ν ·(Λ′ − Γ′) ≥ 0}. We will see in
Example 4.34 that the class Λ′ − Γ′ is the pullback of a nef divisor class on
Y + via the flip φ.
Corollary 4.12. Theorem 2.8 is wrong for varieties of dimension greater
than two. 
These examples illustrate the ideas presented in the following section which
describe the behaviour of effective cycles under a flip.
4.2. SMOOTH FOURFOLDS 49
4.2.2. Flips for smooth fourfolds.
Lemma 4.13. Let X be a Q-factorial projective variety with only terminal
















Moreover, let γ be the class of a curve which lies in a fibre of ϕ and let γ+





where r+ := [KX+ ] · γ+, r := [KX ] · γ and r
+
r < 0.
Proof. We have r+ := [KX+ ] · γ+ > 0 and r := [KX ] · γ < 0 by definition
of an extremal contraction and the flip-diagram. Now, using Lemma 3.9 (i),
we find
(4.d) 0 < r+ = [KX+ ] · γ+ = φ∗([KX+ ]) · φ∗1(γ
+) = [KX ] · φ∗1(γ
+).
It remains to show that φ∗1(γ+) is contracted by ϕ+. For this purpose let A
be an arbitrary ample Cartier divisor on Y . Then, using the commutativity
of the flip diagram and Lemma 3.9 (i), we compute
0 = γ+ ·(ϕ+)∗([A]) = φ∗1(γ
+) · φ∗((ϕ+)∗([A])) = φ∗1(γ
+) · ϕ∗([A]).
Therefore, the class φ∗1(γ+) is contracted by ϕ and thus φ∗1(γ+) = λγ for a
suitable λ ∈ R. Now equation (4.d) implies that λ = r+r < 0. 
As mentioned before, the examples of section 4.2.1 are representative for
all smooth fourfolds. This is because every small contraction on a smooth
fourfold is locally like that. We will cite the exact statement which was
proved by Yujiro Kawamata in [Kaw89].
Theorem 4.14 ([Kaw89, Theorem 1.1]). Let X be a non-singular projective
variety of dimension four and let ϕ : X → Y be a small contraction. Then
the exceptional locus S of ϕ is a disjoint union of its irreducible components
Si, i = 1 . . . n, such that Si∼=P2 and NSi/X ∼=OP2(−1) ⊕ OP2(−1), where
NSi/X denotes the normal bundle of Si in X. 
Remark 4.15. The exceptional locus may be reducible. An example can be
given by modifying Construction 4.6. If we replace the line g′′ by a smooth
curve c′′ which intersects the surface S′′ transversaly in n points p1, . . . , pn,
then the analogous construction leads to a variety with a small contraction
with reducible exceptional locus.
Moreover, Kawamata proves the following corollary.
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Corollary 4.16 ([Kaw89, Corollary 1.2]). Let ϕ : X → Y be as in Theo-















where X+ is a non-singular projective variety. 
Remark 4.17. The flip is constructed in the same way as in the previous
examples. If we blow up the exceptional locus S in X, then the excep-
tional divisor of the blow-up is a disjoint union of irreducible components
Ei∼=P2 × P1. Furthermore, the normal bundle of each Ei is isomorphic to
pr∗1(OP2(−1))⊕ pr∗2(OP1(−1)), where pr1, resp. pr2, denotes the projection
on the first, resp. second, factor of P2 × P1. By contracting the exceptional
divisor in the other direction, we obtain a smooth projective variety X+ and
the commutative flip-diagram (4.e), but see [Kaw89].
Remark 4.18. Let X be as in Theorem 4.14 with flip diagram (4.e). More-
over, let γ be the class of a line g which lies in a fibre of ϕ and let γ+ be the
class of a curve g+ which lies in a fibre of ϕ+.
Fact: With the aid of the normal bundle sequence, one computes that
Ng/X ∼=Og(1)⊕ (Og(−1)⊕2) and Ng+/X+ ∼=Og+(−1)⊕3.
Taking the degree of the first Chern classes in the normal bundle sequences
for Ng/X and Ng+/X+ yields that γ+ ·[KX+ ] = 1 = −γ ·[KX ]. Thus we can
rephrase Lemma 4.13 in our situation as follows. Let γ+ be the class of a
curve which lies in a fibre of ϕ+ and let γ be the class of a line which lies in
a fibre of ϕ. Then φ∗1(γ+) = −γ.



























where µ : X˜ → X is the blow-up of S in X and µ+ : X˜ → X+ is the blow-
down of the exceptional divisor E of µ in the other direction. Let α ∈ N1(X)R
and α+ ∈ N1(X+)R be arbitrary classes. Then
φ∗1(α
+) = α⇔ µ∗1(α) = (µ+)∗1(α+).
Proof. Let us assume first that φ∗1(α+) = α and letD′ be an arbitrary divisor
on X˜. We have to show that [D′] · µ∗1(α) = [D′] · (µ+)∗1(α+). For D′ = E
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both intersection numbers are zero. So let us assume D′ 6= E. Then we have
[D′] · µ∗1(α) = µ∗([D
′]) · α by Lemma 3.8
= µ∗([D′]) · φ∗1(α
+) by assumtion
= φ∗(µ∗([D′])) · α+ by Lemma 3.8
= (µ+ ◦ µ−1)∗(µ∗([D′])) · α+ by diagram (4.e)
= µ+∗ ((µ
−1 ◦ µ)∗([D′])) · α+ by Remark 3.4
= µ+∗ (id∗([D
′])) · α+ id : X˜ → X˜,ExcX˜(id) = E
= µ+∗ ([D
′]) · α+ since D′ 6= E
= [D′] · (µ+)∗1(α
+) by Lemma 3.8.
Now assume that µ∗1(α) = (µ+)∗1(α+) and let D be an arbitrary irreducible
divisor on X. We have to show that φ∗1(α+) = α. We find
[D] · φ∗1(α
+) = φ∗([D]) · α+ by Lemma 3.8
= (µ+)∗1(φ∗([D])) · (µ
+)∗1(α
+) by Lemma 3.9
= (µ+)∗(φ∗([D])) · µ∗1(α) by assumption
= µ∗((µ+)∗(φ∗([D]))) · α by Lemma 3.8
= [D] · α
The last equality follows from Remark 3.4 together with diagram (4.e) since
its commutativity yields that µ∗ ◦ (µ+)∗ ◦ (µ+)∗ = µ∗. 
Corollary 4.20. Let X be as in Theorem 4.14 with flip-diagram (4.e) and
let c+ be an irreducible curve on X+. Then φ∗1([c+]) is an effective class
if and only if c+ is not contained in the exceptional locus S+ of the flipped
small contraction ϕ+.
Proof. Let c+ be an irreducible curve on X+. Using Lemma 4.13, we see
that φ∗1([c+]) is not effective if c+ is contained in S+.






and hence Lemma 3.8 gives φ∗1([c+]) = µ∗1((µ+)∗1([c+])). Thus it suffices to
show that µ∗1((µ+)∗1([c+])) is effective. This will result from the following
Lemma 4.21. 
Lemma 4.21. Let X and S ⊂ X be as in Theorem 4.14 and let µ : X˜ → X
be the blow-up of S in X.
(i) Let γ ∈ N1(X)R be the class of an effective 1-cycle such that no com-
ponent of γ is contained in S. Then the class µ∗1(γ) ∈ N1(X˜)R is
effective.
(ii) Let α ∈ N1(X˜)R be an effective class. Then the class µ∗1(α) ∈ N1(X)R
is effective.
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Proof of (i). Let γ ∈ N1(X)R be the class of an arbitrary effective 1-cycle
such that no component of γ is contained in S. We can assume that γ
is given by the class [c] of an irreducible curve c on X. Then the proof
applies naturally to an arbitrary effective 1-cycle by regarding its irreducible
components together with linearity.
Recall that S is the disjoint union of its irreducible components Si, i = 1 . . . n,
such that Si∼=P2 and NSi/X ∼=OP2(−1) ⊕ OP2(−1), where NSi/X denotes
the normal bundle of Si in X. Furthermore, by Remark 4.17 the exceptional
divisor E of µ is a disjoint union of irreducible components Ei∼=P2 × P1.
We will now show that the numerical pullback of [c] coincides with the class





• c′ denotes the strict transform of c,
• ei∼=P1 denotes a fibre of µ in the irreducible component Ei of the
exceptional divisor E =
∑n
i=1Ei and
• ki := c′ ·Ei is the intersection number of c′ with the irreducible
component Ei of E.
We know that c′ is not contained in E since c is not contained in S.
Thus the intersection number ki is non-negative for all i = 1, . . . , n. By
Lemma 4.4 (ii), we have ei ·E = deg(OX˜(E)|ei) = deg(OP1(−1)) = −1 for
all i = 1, . . . , n. Therefore, ei ·Ej = −δij for i, j ∈ {1, . . . , n}, where δij
denotes the Kronecker-Delta. This yields that
(4.g) [c′′] ·[Ei] = 0 = µ∗1([c]) ·[Ei] for all i = 1, . . . , n.






for suitable mi ∈ N. Together with (4.g) this yields that
[c′′] ·[D′] = [c′′] ·[µ∗(µ∗(D′))].
On the other hand, we have µ∗1([c]) ·[D′] = [c] ·[µ∗(D′)] by Lemma 3.8.
Hence it is sufficient to show that
[c′′] · µ∗([D]) = [c] ·[D]
for an arbitrary divisor D on X, and this is a short computation. We have








= µ∗1([c′]) ·[D] +
∑n
i=1
kiµ∗1([ei]) ·[D] by Lemma 3.8
= µ∗([c′]) ·[D] +
∑n
i=1
kiµ∗([ei]) ·[D] by Corollary 3.12
= [c] ·[D] by Definition 3.11
since c′ is the strict transform of c and the ei are contracted by µ, in other
words, µ∗([ei]) = 0. Thus µ∗1([c]) = [c′] +
∑n
i=1 ki[ei] is an effective class.
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Proof of (ii). This follows immediately from Corollary 3.12 since the image
of an effective 1-cycle under µ is again an effective 1-cycle. 
Remark 4.22. Let X be as in Theorem 4.14 with flip-diagram (4.e) and let
c+ be an irreducible curve onX+ which is not contracted by ϕ+. Lemma 4.19
and the proof of Lemma 4.21 show that
φ∗1([c
+]) = [c] + k[rs],
where c is the strict transform of c+, k is a non-negative integer and rs is
an irreducible curve which is contained in a fibre of the small contraction
ϕ. The analogous statement holds for the numerical pushforward of a curve
which is not contracted by ϕ.
4.2.3. The moving cone of a smooth fourfold. The following
proposition can be viewed as an induction step which will enable us to prove
that the moving cone of a smooth fourfold is polyhedral. The proof of the
proposition relies on Kawamata’s results. The essential arguments that we
will use are Remark 4.22 and the fact that the exceptional locus of the flipped
small contraction is good natured in the sense that it is a disjoint union of
finitely many rational curves on the flipped variety.
Proposition 4.23. Let X be a smooth projective fourfold such that KX
fails to be nef and such that NE(X) is a convex, polyhedral cone in N1(X)R,
NE(X) = 〈[p1], . . . , [pk], [n1], . . . , [nm]〉R+ say, where each pi is an irreducible
curve on X such that [pi] ·[KX ] > 0. Assume that
(i) there exists an ample divisor A on X and a real number ε > 0 such
that every irreducible curve c 6= p1, . . . , pk on X is (KX + εA)-negative
and that
(ii) each nj is a rational curve on X, in particular [nj ] ·([KX ] + ε[A]) < 0
by (i).
Moreover, assume that [nm] is a small extremal class with extremal contrac-















be the flip of ϕ. Denote by S := ExcX(ϕ) the exceptional set of ϕ in X and
by S+ := ExcX+(ϕ+) the exceptional set of ϕ+ in X+.
Then NE(X+) is a convex, polyhedral cone in N1(X+)R. For every ample
divisor A+ on X+ there exists an ε+ > 0 such that every irreducible curve
c+ 6= p+1 , . . . , p+k which is not contained in S+ is (KX+ + ε+A+)-negative,
where p+i denotes the strict transform of pi under φ, for i = 1, . . . , k.
Strategy for the proof. Since NE(X+) contains no lines, it is the span of its
extremal rays by [Deb01, Lemma 6.7 (b)]. Therefore, to show that NE(X+)
is polyhedral, it is sufficient to show that NE(X+) has only finitely many
extremal rays. To achieve this, we will show two statements.
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The first one is that
NE(X+) = NI(X+) + R+[n+m] + R+[p+1 ] + · · ·+ R+[p+k ],
where NI(X+) is a certain subcone of NE(X+) that we will define later.
This yields that every extremal ray R of NE(X) which is not equal to R+[n+m]
or R+[p+i ], i = 1, . . . , k, is an extremal ray of NI(X+). The existence of such
an extremal ray R is guaranteed by the existence of [KX+ ]-negative classes
in NE(X+). Otherwise NE(X+) would be the span of [n+m], [p
+
1 ], . . . , [p
+
k ]
and hence entirely [KX+ ]-positive.
The second statement is that for every ample divisor A+ on X+ there exists
an ε+ ∈ R>0 such that NI(X+) \ {0} is entirely [KX+ + ε+A+]-negative.
Once we have this, statement one yields that every extremal ray R of NE(X)
which is not equal to R+[n+m] or R+[p+1 ], . . . ,R+[p
+
k ] is [KX+ + ε
+A+]-
negative. This will conclude the proof since Mori’s Cone Theorem says that
NE(X+) has only finitely many [KX+ + ε+A+]-negative extremal rays.
Proof. First of all, note that the existence of the map φ is guaranteed by
Corollary 4.16, X+ is a smooth fourfold and
φ |X\S : X \ S ∼−→ X+ \ S+
is an isomorphism. Moreover, we know that S is the disjoint union of its
irreducible components, which are isomorphic to P2, and that S+ is a disjoint
union of rational curves.
Without loss of generality, we can assume that S and S+ are irreducible. For





by Remark 4.18. Recall that for every irreducible curve r+ 6= n+m on X+ the
class φ∗1([r+]) is effective by Corollary 4.20. Let p
+
i be the strict transform




ai[c+i ] | ai ∈ R+, c+i /∈ P is an irreducible curve on X+
}
.
and denote by NI(X+) the closure of NI(X+) in N1(X+)R. We say NI(X+)
is spanned by effectively flipping curves.
Claim 1. NE(X+) = NI(X+) + R+[n+m] + R+[p+1 ] + · · ·+ R+[p+k ]︸ ︷︷ ︸
=:W
Proof of Claim 1. We will prove NE(X+) ⊇ W first. Let α ∈ W . By
definition of W , we find λ1, . . . , λk, λm ≥ 0 and α′ ∈ NI(X+) such that
α = α′ + λm[n+m] + λ1[p
+
1 ] + . . .+ λk[p
+
k ].
By definition of NI(X+), there exists a sequence (αl)l∈N ⊂ NI(X+) which
converges to α′. Thus the series (α′l)l∈N with




1 ] + . . .+ λk[p
+
k ] ∈ NE(X+), for all l ∈ N,
converges to α and hence α ∈ NE(X+).
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Now we will prove NE(X+) ⊆ W . Let β ∈ NE(X+). By definition of the
Mori cone, there exists a sequence (βl)l∈N ⊂ NE(X+) such that βl l→∞−−−→ β.
By construction of NI(X+), we can decompose βl into the sum
βl = β′l + β
1





for all l ∈ N, where β′l ∈ NI(X+) ⊂ NI(X+), β1l ∈ R+[p+1 ], . . . ,βkl ∈ R+[p+k ]
and βml ∈ R+[n+m]. This yields that β ∈ W since each βl ∈ W and W is a
closed set in N1(X+)R. Claim 1
By assumption (i), we know that all irreducible curves onX except p1, . . . , pk
are (KX + εA)-negative for a certain ample divisor A on X and a certain
real number ε > 0.








| i = 1, . . . , k, j = 1, . . . ,m− 1
}
.
We have to check that this is well-defined. Since none of the pi, 1 ≤ i ≤ k,
or nj , 1 ≤ j < m, are contained in the exceptional locus S of ϕ, all
the classes φ∗1([pi]) and φ∗1([nj ]) are effective by Remark 4.22. Thus
0 < [A+] · φ∗1([pi]) = φ∗([A+]) ·[pi] and 0 < [A+] · φ∗1([nj ]) = φ∗([A+]) ·[nj ]
for all i = 1, . . . , k and j = 1, . . . ,m−1. In particular, ε′ > 0 by the previous
consideration. With this definition, assumption (i) yields that
([KX ] + ε′φ∗([A+])) ·[pi] = [KX ] ·[pi] + ε′φ∗([A+]) ·[pi]
≤ [KX ] ·[pi] + ε[A] ·[pi]φ∗([A+]) ·[pi]φ
∗([A+]) ·[pi]
= ([KX ] + ε[A]) ·[pi], for 1 ≤ i ≤ k,
(4.h)
([KX ] + ε′φ∗([A+])) ·[nj ] = [KX ] ·[nj ] + ε′φ∗([A+]) ·[nj ]
≤ [KX ] ·[nj ] + ε[A] ·[nj ]φ∗([A+]) ·[nj ]φ
∗([A+]) ·[nj ]
= ([KX ] + ε[A]) ·[nj ] < 0, for 1 ≤ j < m,
(4.i)
and that
([KX ] + ε′φ∗([A+])) ·[nm] = [KX ] ·[nm] + ε′φ∗([A+]) ·[nm]
= [KX ] ·[nm] + ε′[A+] · φ∗1([nm]) by 3.8
= [KX ] ·[nm]− ε′[A+] ·[n+m] by 4.18
< [KX ] ·[nm]
< ([KX ] + ε[A]) ·[nm] < 0 by (ii).
(4.j)
Since NE(X) = 〈[p1], . . . , [pk], [n1], . . . , [nm]〉R+ , these equations show that













| i = 1, . . . , k, j = 1, . . . ,m− 1
}
.
Claim 2. Every class γ ∈ NI(X+) \ {0} is ([KX+ ] + ε+[A+])-negative.
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Proof of Claim 2. Let 0 6= γ ∈ NI(X+). By definition of NI(X+), there
exists a sequence of effective cycles (γl)l∈N ⊂ NI(X+) such that γl l→∞−−−→ γ.
Let l ∈ N be an arbitrary integer. The class γl is given by a finite sum∑s
i=1
ai[c+i ],
where ai ≥ 0 and c+i is an irreducible curve on X+ which is not contained
in the set P = {n+m, p+1 , . . . , p+k } for all i = 1, . . . , s. Remark 4.22 yields that
φ∗1([c
+
i ]) = [ci] + ki[nm], where ci denotes the strict transform of c
+
i and ki
is a suitable non-negative integer, for all i = 1, . . . , s.
We have that each ci 6= pj , for all j = 1, . . . , k. This follows from the fact
that none of the curves c+i is equal to one of the p
+
j , j = 1, . . . , k.
Therefore, ([KX ] + ε[A]) ·([ci] + ki[nm]) < 0 for all i = 1, . . . , s and
(4.l) φ∗1(γl) is an effective ([KX ] + ε[A])-negative class.
Thus
([KX+ ] + ε
′[A+]) · γl = φ∗([KX+ ] + ε′[A+]) · φ∗1(γl) by Lemma 3.9
= ([KX ] + ε′φ∗([A+])) · φ∗1(γl)
≤ ([KX ] + ε[A]) · φ∗1(γl) < 0 by (4.k) and (4.l)
This yields that ([KX+ ] + ε′[A+]) · γ = lim
l→∞
([KX+ ] + ε′[A+]) · γl ≤ 0. Since
γ ∈ NI(X+) ⊂ NE(X+) and A+ is ample, we attain
[KX+ ] + ε+[A+]) · γ = ([KX+ ] + ε′[A+]) · γ︸ ︷︷ ︸
≤0
− ε′2 [A+] · γ︸ ︷︷ ︸
>0
< 0. Claim 2
By definition of the cone NI(X+), this yields that every irreducible curve
c+ 6= p+1 , . . . , p+k which is not contained in S+ is (KX+ + ε+A+)-negative.
Now let R := R+ν be an extremal ray of NE(X+) such that ν is not numeri-
cally proportional to [p+1 ], . . . , [p
+
k ] or [n
+
m]. The existence of such an extremal
ray R is guaranteed by the following fact. The cone NE(X+) contains no
lines and is thus the span of its extremal rays by [Deb01, Lemma 6.7 (b)].
If there is no extremal ray R 6= R+[n+m],R+[p+1 ], . . . ,R+[p+k ], then NE(X+)
is spanned by the classes [n+m], [p
+
1 ], . . . , [p
+
k ] and thus [KX+ ]-positive. This
is impossible since the classes φ∗1(ni), i = 1, . . . ,m− 1, are [KX+ ]-negative
and effective by Corollary 4.20.
Now claim 1 yields that ν = ν ′ + am[n+m] + a1[p
+
1 ] + . . . ak[p
+
k ] for some suit-
able am, a1, . . . , ak ∈ R+ and a class ν ′ ∈ NI(X+). We will now show that
am = a1 = . . . = ak = 0.
Assume that one of these coefficients is non-zero; w.l.o.g. assume that
am > 0. Then (ν ′ + a1[p+1 ] + . . . ak[p
+
k ]) + am[n
+
m] ∈ R and both terms are
effective. Since R is an extremal ray of NE(X+) this yields that am[n+m] ∈ R
and hence R = R+[n+m], a contradiction. Thus am = a1 = . . . = ak = 0
and R = R+ν = R+ν ′ is an extremal ray of NI(X+). In particular, R is
([KX+ ] + ε+[A+])-negative by claim 2.
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Since there are only finitely many ([KX+ ] + ε+[A+])-negative extremal rays
in NE(X+) by Remark 1.16, this shows that NE(X+) has only finitely many
extremal rays and concludes the proof. 
Remark 4.24. Note that it is not true that the strict transforms of curves
which span extremal rays of NE(X) will always span extremal rays of
NE(X+). Even if they do, the types of extremal contractions can change.
Definition 4.25. A smooth projective fourfold which satisfies the require-




φ299K · · · φn99K Xn
of birational maps is called a pmc-flip sequence for X0 if
(i) the map φi : Xi−1 99K Xi is the flip of a small contraction which
contracts a KXi−1-negative extremal ray R+[si−1], for all i = 1, . . . , n,
and
(ii) the Mori cone NE(Xn) of the fourfold Xn has no small extremal rays.
We will call a pmc-flip sequence for X0 a pmc-flip sequence for R+[s0] if the
first map φ1 : X0 99K X1 in the sequence is the flip of the small contraction
which contracts the KX0-negative extremal ray R+[s0].
The number of flips in a pmc-flip sequence is called the length of the pmc-flip
sequence.
Remark 4.26. Note the following two apparent statements.
(i) Each variety Xi, for i = 0, . . . , n − 1, in such a pmc-flip sequence is a
pmc-fourfold by Proposition 4.23. In particular, NE(Xn) is polyhedral.
(ii) If X is a smooth Fano fourfold such that NE(X) has a small extremal
ray, thenX is a pmc-fourfold. This is obvious, as we can take A = −KX
and ε = 12 , for example. Therefore, we have already seen two pmc-flip
sequences of length one in Example 4.8 and Example 4.11.
We will now show that pmc-flip sequences exist and that there are just
finitely many pmc-flip sequences for each pmc-fourfold. This is an immediate
consequence of the following theorem due to Y. Kawamata, K. Matsuda and
K. Matsuki.
Theorem 4.27 (See [KMM87, Theorem 5-1-15]). The Termination Con-
jecture 1.25 (ii) holds for threefolds and fourfolds. 
Thanks to this result we are able to prove the afore-noted statement.
Lemma 4.28. Let X0 be a pmc-fourfold. Then there exists a pmc-flip se-
quence for every small extremal ray of NE(X0). Moreover, there exist only
finitely many pmc-flip sequences for X0.
Proof. Let R be a small extremal ray of NE(X0). By Corollary 4.16, there
exists a flip φ1 : X0 99K X1 of the corresponding small contraction and
NE(X1) is polyhedral by Proposition 4.23. If NE(X1) has no small extremal
ray, φ1 : X0 99K X1 is a pmc-flip sequence for X0 of length one. Otherwise,
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X1 is a pmc-fourfold and we can iterate this procedure. Since there is no
infinite sequence of flips by Theorem 4.27, this procedure will stop with a
smooth fourfoldXn such that NE(Xn) has no small extremal rays. Moreover,
Proposition 4.23 guarantees that NE(Xn) is polyhedral.
We will prove the second statement of the lemma by contradiction. Suppose
there are infinitely many pmc-flip sequences for X0. Since NE(X0) has only
finitely many extremal rays, there has to be a small extremal ray R+[s0] with
flip φ1 : X0 99K X1 such that infinitely many pmc-flip sequences start with
φ1. Proposition 4.23 yields that NE(X1) is polyhedral, too. Therefore, there
has to be a small extremal ray R+[s1] of NE(X1) with flip φ2 : X1 99K X2
such that infinitely many pmc-flip sequences start with the map φ1 ◦ φ2. In
this manner we can construct an infinite sequence of flips successively which,
however, is a contradiction to Theorem 4.27. 
The following statement gives a more detailed description of KXi-positive
curves on a pmc-fourfoldXi which affects in a pmc-flip sequence for a smooth
Fano fourfold.
Lemma 4.29. Let X0 be a smooth Fano fourfold such that NE(X0) has at
least one small extremal ray and let
X0
φ199K X1
φ299K · · · φn99K Xn
be an arbitrary pmc-flip sequence for X0. Then one of the following state-
ments holds for all i = 1, . . . , n and every KXi-positive irreducible curve ci
on Xi. Either
(i) there exists an index j < i − 1 and a rational curve sj which spans a
small extremal ray of NE(Xj) such that ci is the strict transform sij of a
curve on Xj+1 with class −(φj+1)∗1([sj ]) under the map φi ◦ · · · ◦φj+2,
or
(ii) ci is contained in the exceptional locus of the flipped small contraction
ϕ+i−1 : Xi → Yi obtained by φi.
In particular, if R is a KXi-positive extremal ray of NE(Xi), then R is
spanned by the class of one of these finitely many KXi-positive irreducible
curves on Xi.
Proof. This is an immediate consequence of Proposition 4.23 and can be
proved inductively. 
This lemma finishes the preparatory work which is necessary for the
proof of Theorem 4 of the introduction and we will construct the set
Eq(X) ⊂ N1(X)R which was introduced in this statement.
Construction and Definition 4.30. LetX be a pmc-fourfold and let R+[s]
be a small extremal ray of NE(X). Let Xk be a smooth projective fourfold
which affects in a pmc-flip sequence for R+[s] and denote by Φk : X 99K Xk
the induced birational map. The Mori cone of Xk is polyhedral,
NE(Xk) = {α ∈ N1(Xk)R | α ·[Ni] ≥ 0, i = 1, . . . ,m} say,
where N1, . . . , Nm are nef divisors on Xk which span Nef(Xk).
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We define
Eq(Xk)nef := {(Φk)∗([Ni]) | i = 1 . . . ,m}
as the set of pullbacks via the map Φk of nef divisors on Xk which span
Nef(Xk). We set
Eq(Xk)div := {(Φk)∗([Ei]) | i = 1, . . . , l},
where E1, . . . , El are the exceptional divisors which correspond to the divi-
sorial extremal rays of NE(Xk).
Furthermore, let Poly(R+[s]) be the set of varieties which affect in a pmc-flip
sequence for R+[s].





the set of equations for R+[s].
Remark 4.31. Note that the set Eq(R+[s]) is a finite set of classes of divisors
on X for every small extremal ray of NE(X).
Lemma 4.32. Let X0 be a smooth Fano fourfold and let R+[s0] be small
extremal ray of NE(X0). If D is an irreducible divisor on X0 such that [D]
is not contained in the closed cone 〈Eq(R+[s0])〉R+ spanned by classes in
Eq(R+[s0]), then [D] ·[s0] ≥ 0.
Proof. We will prove the lemma by contradiction. LetD be an irreducible di-
visor on X0 such that [D] is not contained in the closed cone 〈Eq(R+[s0])〉R+














be the flip diagram for R+[s0]. Let [s10] be the class of an irreducible curve s10
in a fibre of ϕ+0 and let D1 be the strict transform of D under φ1. We know
that [D1] = (φ1)∗([D]) and that (φ1)∗([D]) ·[s10] > 0. Moreover, Remark 4.17
shows that the curve s10 is not contained in the support of D1.
By Lemma 4.28 there exists a pmc-flip sequence for R+[s0] and, of course,
X1 affects in every pmc-flip sequence for R+[s0]. Thus [D1] cannot be a nef
class since [D] /∈ 〈Eq(R+[s0])〉R+ by assumption. Hence there has to be an
extremal ray R1 of NE(X1) such that [D1] is negative on R1. Lemma 4.29
yields that R1 is KX1-negative since [D1] ·[s10] > 0. The contraction of the
ray R1 cannot be a fibre contraction since [D1] is effective and it cannot be
a divisorial contraction since [D] /∈ 〈Eq(R+[s0])〉R+ . Therefore, R1 = R+[s1]
is a small extremal ray.














be the flip diagram for R+[s1]. Let [s21] be the class of an irreducible curve
s21 in a fibre of ϕ
+
1 , let D2 be the strict transform of D1 and let s
2
0 be the
strict transform of s10 under φ2.
We know that [D2] = (φ2)∗([D1]) and that [D2] ·[s21] > 0. Moreover, the
curves s20 and s21 are not contained in the support of D2. In particular,
[D2] ·[s20] ≥ 0.
The variety X2 affects in at least one pmc-flip sequence for R+[s0]. Thus
[D2] cannot be a nef class since [D] /∈ 〈Eq(R+[s0])〉R+ by assumption. Hence
there has to be an extremal ray R2 of NE(X2) such that [D2] is negative
on R2. Lemma 4.29 yields that R2 is KX2-negative since [D2] ·[s20] ≥ 0 and
[D2] ·[s21] > 0. The contraction of the ray R2 cannot be a fibre contrac-
tion since [D2] is effective and it cannot be a divisorial contraction since
[D] /∈ 〈Eq(R+[s0])〉R+ . Therefore, R2 = R+[s2] is a small extremal ray.
Theorem 4.27 yields that this process has to end with a variety Xn and a di-
visor Dn on Xn. By induction, we know that Dn is not nef and non-negative
on all irreducible KXn-positive curves of Xn. Thus there has to be an ex-
tremal ray Rn of NE(Xn) such that Dn is negative on Rn. Lemma 4.29 yields
that Rn is KXn-negative, but there are no small extremal rays in NE(Xn).
This yields that Dn is non-negative on Rn since D /∈ 〈Eq(R+[s0])〉R+ , which
is a contradiction. 









where R+[s1], . . . ,R+[sk] are the small extremal rays of NE(X). Then the
moving cone NM(X) of X is a convex polyhedral cone in N1(X)R, given by
NM(X) = {γ ∈ N1(X)R | γ ·∆ ≥ 0 for all ∆ ∈ Eq(X)}.
Proof. The inclusion
NM(X) ⊆ {γ ∈ N1(X)R | γ ·∆ ≥ 0 for all ∆ ∈ Eq(X)} =:M
follows from the fact that the numerical pushforward of a movable class by
a flip is again a movable class. Let us prove that NM(X) ⊇M .
Let γ ∈ N1(X)R such that γ ·∆ ≥ 0 for all ∆ ∈ Eq(X) and let D′ be an
arbitrary irreducible divisor on X. We need to show that γ ·[D′] ≥ 0 by
Theorem 1.12. If [D′] is contained in the set 〈Eq(X)〉R+ of effective linear
combinations of classes in Eq(X), then there’s nothing to show. Thus we
can assume that [D′] is not contained in 〈Eq(X)〉R+ .
4.2. SMOOTH FOURFOLDS 61
The inclusion Eq(X)nef ⊂ Eq(X) yields that γ ∈ NE(X). Since X is Fano,
we know that
NE(X) = 〈[f1], . . . , [fm], [d1], . . . , [dn], [s1], . . . , [sk]〉R+ ,
where fi, dj , sl are rational curves on X, R+[fi] is an extremal ray of fibre
type, R+[dj ] is a divisorial extremal ray and R+[sl] is a small extremal ray,
for all i = 1, . . . ,m, j = 1, . . . , n and l = 1, . . . , k.
Thus it is sufficient to show that [fi] ·[D′] ≥ 0, [dj ] ·[D′] ≥ 0 and [sl] ·[D′] ≥ 0,
for all i = 1, . . . ,m, j = 1, . . . , n and l = 1, . . . , k.
We choose arbitrary indices 1 ≤ i ≤ m, 1 ≤ j ≤ n and 1 ≤ l ≤ k.
By assumption, R+[fi] is an extremal ray of fibre type. Therefore, clearly
[fi] ·[D′] ≥ 0 since D′ cannot contain every fibre of the corresponding con-
traction.
Let Ej denote the exceptional divisor of the extremal contraction correspond-
ing to R+[dj ]. Since [D′] /∈ Eq(X)div, we have [D′] 6= [Ej ]. Therefore, we can
find a curve c ⊂ Ej such that c ∼num dj and c * D′. Hence [dj ] ·[D′] ≥ 0.
The last inequality [sl] ·[D′] ≥ 0 is given by Lemma 4.32. 
A priori, the set Eq(X) defined in Theorem 4.33 seems to be very large
and cumbersome. We will compute an example now which shows that the
situation is not that bad and which illustrates the algorithmic procedure to
compute the set Eq(X).
Example 4.34 (See Construction 4.10). Let Y be the smooth fourfold Y2,1
of Construction 4.10, let F ′ be a fibre of the projection
pi = pi2,1 : Y → P2
onto P2 and let l be a line in F ′ which does not intersect the plane S′ = S2,1.
As in Construction 4.10 we denote by Γ′ the class of the pullback of a hyper-
plane in P2 and by Λ′ the class of the line bundle OY (1). As in Example 4.11
we denote by γ′ the class of a line in S′ and by λ′ the class of a line in a fibre
of pi.
Now let µ : X → Y be the blow up of Y in l and denote by E the exceptonal
divisor of the blow up and denote by η the class of a curve in a fibre of
µ|E : E → l. We fix some more notation.
Let F and S denote the strict transforms under µ of F ′ and S′, respec-
tively. The class of the strict transform under µ of a divisor with class Γ′
which does not contain F ′ is given by µ∗(Γ′) =: Γ, of a divisor with class
Γ′ which contains the fibre F ′ by Γ − [E], and of a divisor with class Λ′ by
µ∗(Λ′) − [E] =: Λ. The strict transform of a divisor with class Λ′ − Γ′ is
given by Λ− Γ + [E], see Figure 20.
The class of the strict transform under µ of a curve with class γ′ is given by
µ∗1(γ′) =: γ, of a curve in F ′ by µ∗1(λ′)− η =: ν, and of a general curve with
class λ′ by µ∗1(λ′) =: λ = ν + η.
Fact: The variety X is a smooth Fano fourfold and one can check that
NE(X) = 〈γ, ν, η〉R+ .
The intersection product on X is given in the following table.
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· γ ν η λ
Γ 1 0 0 0
Λ 0 0 1 1
[E] 0 1 −1 0
The extremal contractions of the extremal rays R+ν and R+γ are small with
exceptional loci F and S, respectively. Moreover, some short computations
show that NE(X) is cut out of N1(X)R by the nef divisor classes Γ, Λ and
Λ + [E] = µ∗(Λ′). Thus we have











Figure 23. Sketch of NE(X) and the hyperplanes which are
spanned by elements of Eq(X)nef and Eq(X)div.
Now we will compute the pmc-flip sequences for R+ν and R+γ, and we will
start with the sequence for R+ν. Let
φ1 : X 99K X1
be the flip of the small extremal ray R+ν. We set
Γ1 := (φ1)∗(Γ),
Λ1 := (φ1)∗(Λ) and
[E1] := (φ1)∗([E]).
Let ν1 denote the class −(φ1)∗1(ν) and let F1 be the indeterminacy locus of
φ1 in X1.
The class of the strict transform under φ1 of a curve with class γ is given by
(φ1)∗1(γ)− ν1 =: γ1 if the curve intersects F , and by γ1 + ν1 otherwise.
The class of the strict transform under φ1 of a curve with class η is given by
(φ1)∗1(η)− ν1 =: η1 if the curve intersects F , and by η1 + ν1 otherwise.
The class of the strict transform of a curve with class λ is given by
(φ1)∗1(λ) =: λ1. The intersection product on X1 is given in the following
table.
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· γ1 ν1 η1 λ1
Γ1 1 0 0 0
Λ1 0 0 1 1
[E1] 1 −1 0 0
We will prove that
NE(X1) = 〈γ1, ν1, λ1〉R+
and that the extremal contractions of R+γ1 and R+λ1 are of fibre type.
The proof of Proposition 4.23 shows that NE(X1) is the span of ν1 and the
closed cone NI(X1) spanned by effectively flipping curves on X1, that is,
irreducible curves which are not contained in F1. We have already seen that
the classes γ1, (γ1+ ν1), λ1 = η1 and (λ1+ ν1) are contained in NI(X1). We
will show now that actually
(4.m) NI(X1) = 〈γ1, (γ1 + ν1), λ1, (λ1 + ν1)〉R.
For this purpose let c1 be an irreducible curve on X1 such that [c1] ∈ NI(X1).
We know that (φ1)∗1([c1]) = [c] + k1ν by Remark 4.22, where c denotes
the strict transform of c1 and k1 ≥ 0. Thus we find an effective linear
combination (φ1)∗1([c1]) = a1γ + b1η + (d1 + k1)ν with d1 ≥ 0 and hence
[c1] = (φ1)∗1((φ1)∗1([c1])) = a1γ1 + b1λ1 + (a1 + b1 − d1 − k1)ν1.
Since c1 is not contained in F1, we can find an irreducible divisor with class
Γ1 − [E1] on X1 such that
0 ≤ (Γ1 − [E1]) ·[c1] = a1 + b1 − (d1 + k1).
If a1 ≥ a1 + b1 − d1 − k1 ⇒ d1 + k1 − b1 ≥ 0, then
[c1] = (a1 + b1 − d1 − k1)(γ1 + ν1) + (d1 + k1 − b1)γ1 + b1λ1.
Otherwise a1 < a1 + b1 − d1 − k1 ⇒ b1 − d1 − k1 > 0, and
[c1] = a1(γ1 + ν1) + (b1 − d1 − k1)(λ1 + ν1) + (d1 + k1)λ1.
This shows (4.m) and thus NE(X1) = 〈γ1, ν1, λ1〉R+ .
The extremal contraction of R+λ1 is obviously a fibre contraction. The
extremal contraction of R+γ1 cannot be small by Theorem 4.14. Therefore,
it has to be either a divisorial or a fibre contraction. However, it cannot be
a divisorial contraction. This is a consequence of the following fact. If the
contraction was divisorial, then the class of the exceptional divisor of the
contraction would have negative intersection with γ1 and the exceptional
divisor would be the strict transform of an irreducible divisor on X which
contains the set S. Therefore, the exceptional divisor would be numerically
proportional to Λ1 − Γ1 + [E1], but γ1 ·(Λ1 − Γ1 + [E1]) = 0.
Thus there is only one pmc-flip sequence for R+ν, which has length one.
Furthermore, NE(X1) is cut out of N1(X1)R by the hyperplanes
Γ⊥1 ,Λ
⊥
1 and (Γ1 − [E1])⊥.
We obtain that
Eq(X1)nef = {Γ,Λ, (Γ− [E])} and Eq(X1)div = ∅.









Figure 24. Sketch of NE(X1) and the hyperplanes which
are spanned by elements of Eq(X1)nef . The set Eq(X1)div is
empty.
We go on with the pmc-flip sequences for γ. Let
φ2 : X 99K X2
be the flip of the small extremal ray R+γ. We set
Γ2 := (φ2)∗(Γ),
Λ2 := (φ2)∗(Λ) and
[E2] := (φ2)∗([E]).
Set γ2 := −(φ2)∗1(γ) and let S2 be the indeterminacy locus of φ2 in X2.
The class of the strict transform under φ2 of a curve with class ν is given by
(φ2)∗1(ν)− γ2 =: ν2 if the curve intersects S, and by ν2 + γ2 otherwise.
The class of the strict transform of a curve with class λ is given by
(φ2)∗1(λ)− γ2 =: λ2 if the curve intersects S, and by λ2 + γ2 otherwise.
The class of the strict transform of a curve with class η is given by
(φ2)∗1(η) =: η2. The intersection product on X2 is given in the following
table.
· γ2 ν2 η2 λ2
Γ2 −1 1 0 1
Λ2 0 0 1 1
[E2] 0 1 −1 0
We will show that
NE(X2) = 〈γ2, ν2, η2〉R+ ,
that the extremal contraction of R+ν2 is of fibre type and that the extremal
contraction of R+η2 is divisorial with exceptional divisor E2.
As before, the proof of Proposition 4.23 yields that it is sufficient to compute
NI(X2). By the previous considerations, the classes ν2, (ν2 + γ2) and η2 are
contained in NI(X2). Now let c2 be an irreducible curve on X2 such that
[c2] ∈ NI(X2). By Remark 4.22, we have (φ2)∗1([c2]) = [c′] + k2γ for a
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suitable number k2 ≥ 0, where c′ denotes the strict transform of c2. Hence
(φ2)∗1([c2]) = a2ν + b2η + (d2 + k2)γ for suitable a2, b2, d2 ≥ 0 and
[c2] = (φ2)∗1((φ2)∗1([c2])) = a2ν2 + b2η2 + (a2 − d2 − k2)γ2.
By assumption, we have that c2 is not contained in S2. Therefore, we can
find a divisor with class Λ2 − Γ2 + [E2] on X2 such that
0 ≤ (Λ2 − Γ2 + [E2]) ·[c2] = a2 − d2 − k2.
Thus we find that
[c2] = (a2 − d2 − k2)(ν2 + γ2) + (d2 + k2)ν2 + b2η2
is an effective linear combination of the classes (ν2 + γ2), ν2 and η2. This
shows that NI(X2) = 〈(γ2+ ν2), ν2, η2〉R+ and thus NE(X2) = 〈γ2, ν2, η2〉R+ .
The extremal contraction of R+η2 is clearly divisorial with exceptional divi-
sor E2. The extremal contraction of R+ν2 is a fibre contraction. This can be
checked by the following considerations. The contraction cannot be divisorial
since the exceptional divisor would be numerically proportional to Γ2− [E2],
but ν2 ·(Γ2 − [E2]) > 0. The contraction cannot be small by Theorem 4.14.
Thus there is only one pmc-flip sequence for R+γ, which has length one, as
well. Furthermore, NE(X2) is cut out of N1(X2)R by the hyperplanes
Λ⊥2 , (Λ2 + [E2])
⊥ and (Λ2 − Γ2 + [E2])⊥.
This yields that











Figure 25. Sketch of NE(X2) and the hyperplanes which
are spanned by elements of Eq(X2)nef and Eq(X2)div.
Combining all this, we have
Eq(X) = {Λ,Γ, [E], (Γ− [E]), (Λ + [E]), (Λ− Γ + [E])}
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and a short computation gives
NM(X) = {ς ∈ N1(X)R | ς ·∆ ≥ 0, for all ∆ ∈ Eq(X)}
= 〈λ, (λ+ γ), (γ + ν)〉R+ .
The complete situation is sketched in the following picture, where the































⊥ (Λ2 + [E2])⊥Λ⊥2
(Λ2 − Γ2 + [E2])⊥
Figure 26. The hatched areas sketch the moving cones in-
side the Mori cones.
4.3. Prospects and questions
4.3.1. Prospects. It is needless to say that we would like to apply the
methods used up to now in other settings, too. It seems that our argumenta-
tion works for toric varieties. This is because the Mori cone of a toric variety
is polyhedral and flips are well-understood.
However, this is already covered by the work of Yi Hu and Seán Keel. They
proved that the pseudoeffective cone of a toric variety is polyhedral, but see
[HK00, Proposition 1.11 and Corollary 2.4].
What is the problem with Fano varieties of dimension greater than four or
singular Fano varieties?
We have explicitly used that the numerical pushforward of an irreducible
curve via the flip of a small contraction is effective if the curve is not con-
tained in the exceptional locus of the small contraction. Thanks to Kawa-
mata, this was easy to prove in the smooth fourfold case. However, this
should also be true for the general case.
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Conjecture 4.35. Let X be a Q-factorial projective variety with only ter-
minal singularities and let ϕ : X → Y be a small contraction of an extremal















If c is an irreducible curve on X which is not contained in the exceptional
locus ExcX(ϕ) of ϕ, then φ∗1([c]) is effective.
If Conjecture 4.35 holds for Fano threefolds, then our argumetation applies
to singular Fano threefolds immediately since the exceptional locus of a small
contraction on a threefold is just the union of finitely many curves.
This brings us to the second difficulty.
Problem 4.36. Assume that we have a curve c which is entirely contained
in the exceptional locus of a small contraction ϕ but not contracted by ϕ.
Then it is not clear at all whether the numerical pushforward of c via the
flip of ϕ is still effective!
This issue seems to be quite hard to fix since we have only few knowledge
about flips in general. However, if one could give a positive answer to both
problems, then the methods used in chapter 4 will apply to all Fano varieties.
4.3.2. Questions. The description of the moving cone by equations
is nice because it provides information about the pseudoeffective cone. The
disadvantage of this description is that it does not deliver visible information
about the extremal rays of the moving cone. Thus, in respect of Mori’s
Cone Theorem, it is reasonable to ask if extremal classes of the moving
cone are represented by rational curves. However, we have already seen in
Corollary 2.17 that this is in general not true, whereat this example was not
a Fano variety. Bircar, Cascini, Hacon and McKernan obtain in [BCHM06,
Corollary 1.3.4] that every extremal class of the moving cone of a Fano variety
is represented by the pullback of a rational curve.
Therefore, this motivates the following question.
Question 4.37. Is every extremal class of the moving cone represented by
an effective 1-cycle?
In addition, it can be can ask if the moving cone yields information about
extremal contractions of extremal faces of the Mori cone. More specific, it
can be asked if the contraction of an extremal face of the Mori cone which
contains a movable class is a fibre contraction. Because of Question 4.37,
this is not obvious, but it seems that the answer to this question is positive.
Conjecture 4.38. Let X be a Q-factorial projective variety and let F be a
KX-negative extremal face of NE(X) which contains a movable class. Then
the extremal contraction of F is a fibre contraction.
This expectation is independent of Question 4.37 and we finish this chapter
and the thesis with the above annotation.
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